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In this article, we describe the discretization of nonparametric covariogram estimators for isotropic
stationary stochastic processes. The use of nonparametric estimators is important to avoid the diffi-
culties in selecting a parametric model. The key property the isotropic covariogram must satisfy is
to be positive definite and thus have the form characterized by Yaglom’s representation of Bochner’s
theorem. We present an optimal discretization of the latter in the sense that the resulting nonpara-
metric covariogram estimators are guaranteed to be smooth and positive definite in the continuum.
This provides an answer to an issue raised by Hall, Fisher and Hoffmann (1994). Furthermore, from a
practical viewpoint, our result is important because a nonlinear constrained algorithm can sometimes
be avoided and the solution can be found by least squares. Some numerical results are presented for
illustration.
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1. Introduction

Before statisticians perform optimal linear spatial prediction, or
kriging, two steps are taken to estimate the covariogram in the
continuum. The first step is to estimate the covariogram values
at a fixed number of lags or distances, using a realization of the
spatial stochastic process. If the process is isotropic, the covar-
iogram is only a function of distance. It can be estimated with
various estimators (see Yaglom 1987, Cressie 1993). In the sec-
ond step, one of several valid (Cressie 1993) parametric models
is typically fitted to these covariogram estimates. This is done ei-
ther because the estimated points do not guarantee the positive
definiteness of the covariogram, or values of the covariogram
in the continuum are not known. We assume the covariogram
estimator being used provides positive definite samples from a
covariogram valid in R

d . When parametric model fitting is used
instead of a nonparametric covariogram estimator, it is often not
clear which model should be used even though the choice of the
parametric model is crucial (Gorsich and Genton 2000). For this
reason, a nonparametric estimator for the covariogram is impor-
tant and the choice of a parametric model is no longer needed.

Nonparametric covariogram estimators for isotropic station-
ary stochastic processes were first discussed by Shapiro and
Botha (1991), followed by Lele (1995), Cherry, Banfield and
Quimby (1996), Cherry (1997), and Ecker and Gelfand (1997).
These methods are based on the isotropic spectral representation
of positive definite functions derived by Yaglom (1957) from
Bochner’s (1955) theorem. Nevertheless, in order to preserve
the positive definiteness property required for the covariogram,
statisticians commonly resort to fitting a valid parametric model.
Such an approach is often inadequate because the choice of the
model is generally subjective and tests of goodness of fit are
difficult for dependent data, see e.g. Armstrong and Diamond
(1984), Christakos (1984), Stein (1999), and Gorsich and Gen-
ton (2000). Hall, Fisher and Hoffmann (1994) have proposed
nonparametric covariogram estimators constructed with kernel
methods. In particular, they criticized the approach of Shapiro
and Botha (1991) because it provides a positive definite estima-
tor only on a discrete set of points and not in the continuum. In
this article, we resolve this problem by introducing an optimal
discretization of Yaglom’s (1957) formula, in the sense that the
resulting nonparametric covariogram estimators are guaranteed
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to be positive definite in the continuum. Our method does not
always require numerical nonlinear optimization under con-
straints, and does not suffer from spurious oscillations in the con-
tinuum as in the approaches first described by Shapiro and Botha
(1991).

The article is organized as follows. In Section 2, we start by
reviewing how the series expansion of a covariogram in a Bessel
basis is derived from Yaglom’s representation of Bochner’s the-
orem. We explain the positivity requirement on the coefficients
of the series, and review the current techniques for determin-
ing them. In Section 3, we present an optimal choice of the
nodes of the series that makes the Bessel functions an orthog-
onal basis. Using this result, Section 4 gives explicit formulas
for the coefficients of the series by exploiting weighted orthog-
onality of the basis. Finally, Section 5 presents some numerical
results.

2. Nonparametric covariogram estimation

Consider a spatial stochastic process {Z (x) | x ∈ D}, where
the spatial domain D is a fixed subset of R

d , d ≥ 1. Assume
that this process is second-order stationary with covariogram
c(h) = Cov(Z (x + h), Z (x)), h ∈ R

d . We further assume that
the covariogram is isotropic, i.e. it depends only on the distance
h = ‖h‖ ∈ R+ and not on the direction of the lag vector h.
Anisotropies can be explored with the usual techniques. For
instance, geometric anisotropies can be corrected by a linear
transformation Ah of the lag vector h, where A is a d ×d matrix,
see e.g. Cressie (1993, p. 64). More general anisotropies can be
corrected with a spatial deformation, see Sampson and Guttorp
(1992).

Nonparametric estimation of isotropic covariograms involves
the use of a series derived from Yaglom’s (1957) representation
of Bochner’s (1955) theorem:

c(h) =
∞∑
j=1

p j�d (t j h), (1)

where the p j form a set of positive coefficients, the scalars t j

are nodes, and �d is defined by:

�d (x) = (2/x)(d−2)/2�(d/2)J(d−2)/2(x), (2)

� is the gamma function, and J(d−2)/2 is a Bessel function of
the first kind of order (d − 2)/2. The functions in (2) form a
basis for isotropic covariograms that are valid in R

d , where they
automatically satisfy the positive definiteness property. Previous
approaches use Bayesian, nonlinear, or ad hoc methods to esti-
mate the parameters of the series (1). In this paper, we determine
the optimal choice of the nodes t j for the series and we estab-
lish linear relationships between sampled covariogram values
and the coefficients p j of the expansion (1). This significantly
improves the fit of the continuous covariogram to the covari-
ogram sample values as well as avoids a nonlinear algorithm
and the spurious oscillations that result in the other methods.

Note that the nonparametric estimation of variograms (γ (h)—
e.g. Cressie 1993) follows in a straightforward manner from the
relation γ (h) = c(0) − c(h).

When the spatial problem is in R
1, and the nodes t j are chosen

as zeros of cos(x), the series (1) becomes a discrete cosine trans-
form which has been studied rigorously, see e.g. Strang (1999).
For d = 2, the series (1) becomes a Bessel expansion of the
first kind of order zero and for d = 3 the expansion is made in
a sinc basis. Specifically, if the nodes t j are chosen as zeros of
Bessel functions, the expansion of 2(2−d)/2h(d−2)/2c(h)/�(d/2)
becomes similar to a Fourier-Bessel (or Hankel) expansion
(Tolstov 1962), whereas if the nodes are zeros of the derivative
of Bessel functions, the expansion is similar to a Dini expansion
(Bowman 1958) of 2(2−d)/2h(d−2)/2c(h)/�(d/2) :

c∗(h) = 2(2−d)/2h(d−2)/2c(h)/�(d/2)

=
∞∑
j=1

p j

t (d−2)/2
j

J(d−2)/2(t j h). (3)

By using the expansion (3), the nonparametric estimator of the
covariogram now has excellent convergence properties. This al-
lows Bochner’s theorem to be used to prove that under certain
conditions on the covariogram, the coefficients p j in the se-
ries must be positive. If this is the case, then nonnegative least
squares becomes least squares.

It is important to investigate the best way to discretize the
series (1). Normally, only a finite number of basis functions can
be taken so the series is truncated to n:

n∑
j=1

p j�d (t j h). (4)

In this paper we answer the natural questions: How should n
and the nodes t j be chosen? In which dimension d should the
expansion be made? How should the coefficients p j be solved
for? Are they positive given some nodes t j ? The answer to the
latter question is yes when the covariogram has certain properties
and the nodes are zeros of the functions �d (x). Then, because
the coefficients p j are positive, there is no need for a constrained
nonlinear algorithm, and convergence is guaranteed. Before we
describe a methodology for choosing these values, we discuss
Yaglom’s representation of Bochner’s theorem.

The key idea behind a nonparametric estimator for the covar-
iogram is Bochner’s (1955) theorem, which gives the spectral
representation of positive definite functions. In particular, a co-
variance function c(h) is positive definite if and only if it has the
form:

c(h) =
∫ ∞

−∞
· · ·

∫ ∞

−∞
cos(uT h)F(du), (5)

where F(du) is a positive bounded symmetric measure. If c(h) is
isotropic, Bochner’s theorem can be written as (Yaglom 1957):

c(h) =
∫ ∞

0
�d (th)F(dt), (6)
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where �d form a basis for functions in R
d , �d (x) =

(2/x)(d−2)/2�(d/2)J(d−2)/2(x). Here F(t) is any nondecreasing
bounded function, �(d/2) is the gamma function, and Jv is
the Bessel function of the first kind of order v. Some famil-
iar examples of �d are �1(x) = cos(x), �2(x) = J0(x), and
�3(x) = sin(x)/x .

To solve for c(h), we choose a vector t, which represents the
locations of the jump points, or nodes, in a discretization of F(t).
Let c(h1), . . . , c(hl) be equally spaced sampled values from a
valid covariogram c, or be covariogram estimates. To find c(h)
from c(hi ), let F(t) = ∑∞

j=1 p j�(t − t j ) where � is the step
function:

�(t − t j ) =
{

1 if t ≥ t j ,

0 otherwise.
(7)

All that is known about F(t) is that it is nondecreasing and
bounded, so the coefficients p j are only required to be nonneg-
ative and

∑∞
j=1 p j < ∞. It is the coefficients p j that we are

interested in solving for. Given t = (t1, . . . , t∞)T , t j ≥ 0 and
p j for j = 1, . . . , ∞, the nonparametric estimator has the form:

c(h) =
∞∑
j=1

p j�d (t j h). (8)

In moving from Yaglom’s integral (6) to this series, it is assumed
that: ∫ ∞

0
hd−1|c(h)|dh < ∞, (9)

so the derivative of F(t) exists, i.e. d F(t) = f (t)dt (Yaglom
1987). For most applications, it is generally true that the covar-
iogram goes to zero as h → ∞ (Yaglom 1987).

The usual way to determine the nonnegative coefficients p j

from the l points c(hi ), i = 1, . . . , l, is to minimize, under the
constraint p ≥ 0, the objective function:

S[p] =
l∑

i=1

wi

(
c(hi ) −

n∑
j=1

p j�d (t j hi )

)2

, (10)

or equivalently in matrix notation:

S[p] = (c − Mp)T W (c − Mp), (11)

where c = (c(h1), . . . , c(hl))T , p = (p1, . . . , pn)T , Mi j =
�d (t j hi ), and W = diag(w1, . . . , wl) is a weighting matrix that
approximates the variance structure of the covariogram estimates
c, see Genton (1999) where extensions to the whole covariance
structure are described. Generally only a finite number of p j

can be estimated, n of them, and to avoid arbitrary oscillations
n should be kept less than or equal to l, the number of covari-
ogram values. Using fewer than l coefficients gives a smoother
estimate of the covariance function. These are nonnegative least
squares problems, or can be formulated as quadratic program-
ming problems (Björck 1996). There are many problems with
this approach. For instance, the nonlinear algorithm does not
necessarily converge (Gorsich 2000). In practice, it is observed

that, if the optimization algorithm does converge, it converges
only to the covariogram values. For a reasonable fit to the sample
points, the algorithm typically needs a large number of nodes t j .
These nodes are related to the frequencies of the covariogram in
the continuum. Because there are typically more nodes used than
there are covariogram values, the optimization algorithm finds
a solution that is not smooth in the continuum, even though
it fits the actual values well. This causes spurious oscillations
in the estimated continuous covariogram, oscillations that have
nothing to do with the statistics of the problem. When inference
based on the derivative of the estimated covariogram is of interest
(Gorsich and Genton 2000), these oscillations are amplified
and the problem becomes even more dramatic. These prob-
lems are completely related to improper node selection, and
their resolution is discussed in the next section.

3. Node selection and orthogonality

The choice of the vector t of nodes significantly affects the solu-
tion of the minimization problem (11). If t is chosen adequately,
the approximation error can be greatly reduced. In fact, if the
components of c are samples from a valid covariogram, it will
be shown with the correct choice of t, that a nonlinear algorithm
is no longer needed to find the vector of coefficients p. It is
important to notice that the series in equation (3) can be made
orthogonal. Then the matrix M is nonsingular, and numerical
error is reduced (Björck 1996). If the coefficients p are posi-
tive for a given node selection t, then nonnegative least squares
becomes ordinary least squares, and covariogram values can be
fitted with only a small number of nodes. It is well known in
physics, and for the solution of partial differential equations
(Bowman 1958), that if the nodes t j are chosen as the roots of
some Bessel functions, the series (3) becomes very similar to a
Fourier-Bessel series. Another type of orthogonal series is found
when the nodes t j are chosen as roots of a multiple of a Bessel
function plus its derivative. This is known as a Fourier-Bessel
series of the second type, or a Dini expansion (Bowman 1958,
Tolstov 1962). Actually, there are many ways to orthogonalize
the basis functions.

Using the zeros of the Bessel functions, the Fourier-Bessel
series of order v is written as:

c∗(h) =
∞∑
j=1

p̃ j Jv(t j h), (12)

where the t j are the roots of Jv(t) = 0, 0 ≤ h ≤ 1, and
p̃ j = p j/tv

j . Here, v = (d − 2)/2 and d is again a positive
integer corresponding to the dimension of the spatial domain.
The Dini expansion is very similar but uses the roots of the equa-
tion t J ′

v(t) + u Jv(t) = 0, where u is a constant. These choices
of t make the basis orthogonal (Bowman 1958). Because the se-
ries is orthogonal, multiplying by h Jv(tkh) and integrating from
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0 to 1 gives:

p̃k = 2

J 2
v+1(tk)

∫ 1

0
hc∗(h)Jv(tkh) dh, (13)

for the Fourier-Bessel expansion of the covariogram. For the
Dini expansion of the covariogram with u > −v we have:

p̃k = 2

J 2
v (tk) − Jv−1(tk)Jv+1(tk)

∫ 1

0
hc∗(h)Jv(tkh) dh. (14)

Zeros of Bessel functions of orderv and orderv+1 are interlaced,
so the denominator of (13) and (14) is never zero. For large values
of x = t j h, tk = (k+(d−3)/4)π are good approximations of the
zeros of the Bessel function. In fact for large x , x 
 ( 1

2v2 − 1
8 ),

we have (Arfken 1985):

Jv(x) ≈
√

2

πx
cos

(
x −

(
v + 1

2

)
π

2

)
, (15)

so these zeros arrive at the same asymptotic spacing as those of
a cosine. The accuracy of the zeros can easily be improved using
Newton’s method and the first few are well known. If u < −v

then t J ′
v(t) + u Jv(t) = 0 has two imaginary roots. The vector t

cannot take on imaginary numbers since it is associated with a
distribution, so in general u ≥ −v.

In practice, h will not be between 0 and 1, but we will derive
everything from now on from 0 to 1. The lag domain can always
be rescaled. When 0 ≤ h < hmax, the coefficients in equation
(13) take the form:

p̃k = 2

h2
max J 2

v+1(tk)

∫ hmax

0
hc∗(h)Jv

(
tkh

hmax

)
dh. (16)

The other equations are just as easily transformed.

4. The discrete case and solving for p

There are two problems with equations (13), (14), and (16). First,
the integral will have to be approximated since we only know
c(h) at a finite set of lags. Second, there is no guarantee that all
coefficients p j will be positive. Rewriting equation (4) in matrix
form gives the following expansion for the covariogram:

c = bv Dv Jv D̃vp, (17)

where (D̃v)i j = δ(i− j)
tv

j
, (Dv)i j = δ(i− j)

hv
i

, bv = 2v�(v + 1) and δ

is the Kronecker index. Thus, the matrix M for the covariogram,
Mi j = �v(t j hi ), is equal to Dv Jv D̃v . Assume the nodes t j satisfy
Jv(t j ) = 0 and the spatial lags hi be equally spaced with 0 <

hi ≤ 1, i = 1, . . . , l, and v ≥ −1/2. The coefficients of the
expansion in equation (17) are given by the solution of (11)
without constraint on p:

p = (MT W −1 M)−1 MT W −1c. (18)

This is a simple linear equation for the coefficients p. More
importantly, if there is flexibility in choosing the lags hi as ti

tl
,

then a nearly orthogonal matrix Jv can be found which allows

the coefficients p to be found without inverting a matrix, see
Genton and Gorsich (2002).

The next step is to determine if and when the coefficients p
given by (18) will be positive. We know that such coefficients
exist if c(h) is positive definite in R

d by Bochner’s (1955) the-
orem. The question is whether the coefficients will be positive
for a particular discretization t. This question depends mainly
on whether the covariogram itself is valid in R

d and what ex-
pansion is used. In general, if the covariogram is valid in R

r ,
then any expansion in �d is valid provided d ≤ r . Even though
all covariograms may be valid in R

1, this does not mean the
discrete cosine transform will always give positive coefficients
for any covariogram. A simulation shows this is not true (al-
though the real coefficients of the discrete Fourier transform
are always positive for positive definite functions). The most
restrictive condition on a covariogram is asking that it be valid
in all dimensions. A function c(h) is positive definite in R

∞

if and only if it is related to a completely monotone function,
g(h), by c(h1/2) = g(h), see Schoenberg (1938). The covari-
ogram c(h) must fall off more quickly as d increases, as might
be expected by examining the basis functions (2) for the covari-
ogram. Among all covariograms, those in R

∞ have the greatest
restrictions placed on them. In general, valid covariograms in
R

d form a nested family of subspaces. When d → ∞ the basis
given by (2) goes to exp(−(t j h)2). Schoenberg (1938) proved
that if βd is the class of positive definite functions of the form
given by Bochner, then the classes for all d have the property
β∞ ⊂ · · · ⊂ βd ⊂ · · · ⊂ β2 ⊂ β1, so that as d is increased, the
space of available functions is reduced. Only functions with the
basis exp(−(t j h)2) are contained in all the classes. The follow-
ing theorem determines when the coefficients of an �d series
expansion will be positive. It implies that all expansions in �r

with r ≤ d will also have positive coefficients. The theorem re-
lies on Bochner’s (1955) theorem as well as the double integral
representation of the Fourier-Bessel series (Bowman 1958).

Theorem 1. Let c(h) be a valid covariogram in R
d , d ≥ 1,

with a finite range a, i.e. c(h) = φ(h) for 0 ≤ h < a and c(h) =
0 for a ≤ h ≤ ∞, so that

∫ ∞
0 hd−1|c(h)|dh < ∞. Let the nodes

t j be chosen such that J(d−2)/2(t j ) = 0. Then the coefficients
p j ≥ 0 for all j in the series (3), and

∑∞
j=1 p j < ∞.

The proof is given in the appendix. Because the integral∫ ∞
0 hd−1|c(h)| dh is bounded, the range of the integral for p j ,

hmax, can be allowed to go to infinity. The theorem then says that
the coefficients p j will still be positive, if the integral for f (t̂)
(see appendix) is evaluated to infinity. In the discrete case, this
cannot be done, and the integral is only approximated up to some
lag hl . In the next section, this will be seen as the cause of a Gibbs
effect (Gray and Pinsky 1993) in the coefficients p j caused by
the truncation of c(h). This oscillation in the coefficients causes
some of them to drop below zero.

The following example illustrates the previous theorem. Con-
sider a Bessel function of order zero with a node k other than
a root, i.e. c(h) = J0(kh) and J0(k) = 0. This is a valid
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covariogram in R
2 by equation (6). The Fourier-Bessel expan-

sion of this function is:

J0(kh) =
∞∑
j=0

2J0(k)
t j(

t2
j − k2

)
J1(t j )

J0(t j h). (19)

The function does not satisfy the boundary condition, i.e. does
not have a finite range a, nor does it satisfy

∫ ∞
0 h1|c(h)|dh < ∞.

The sum of the absolute value of the coefficients does not con-
verge, and the coefficients are not positive. In the next section,
numerical computations will be carried out to illustrate these
results on different valid covariograms, as well as covariograms
that are not valid. From this theorem, we can see the possibility
of also determining whether a given covariogram is valid and
meets the fall off condition by testing the coefficients. The va-
lidity of the solution (18) is very sensitive to the two conditions,∫ ∞

0 hd−1|c(h)|dh < ∞ and setting the nodes to correspond to
the boundary condition of the covariogram. In our case, the co-
variogram is always assumed to be 0 beyond some maximum
lag so the nodes must be zeros of the Bessel functions. This
means of course that the above integral is always finite if the
covariogram is bounded.

If an expansion of c(h) in �d is valid, will a similar expansion
in �r , r < d be valid? For example, will the coefficients in an
expansion in �d−2 be positive if the coefficients in �d are? The
next theorem relates the coefficients p j between two different
expansions of c(h).

Theorem 2. Let c(h) be a valid covariogram in R
d+2

with expansions c(h) = ∑∞
j=1 p̃ j�d+2(t̃ j h) and c(h) =∑∞

j=1 p j�d (t j h). If the expansion in �d+2 is valid ( p̃ j ≥ 0,∑∞
j=1 p̃ j < ∞) and t̃1 < t̃2 < · · · < t̃ k, such that tk interlaces

t̃ k−1 and t̃k (as in two orthogonal expansions) for all k, then
p j ≥ 0 for all j and p j are related only to p̃’s and t̃’s by:

pk+1 = 1

2(v + 1)

∞∑
j=k+1

p̃ j

(
t̃ 2(v+1)

k+1 − t̃ 2(v+1)
k

t̃ 2(v+1)
j

)
, (20)

where v = (d − 2)/2.

The proof is given in the appendix. Note that the conditions
for the theorem are met for all orthogonal node selections (in-
cluding Dini expansions) because the zeros of Bessel functions
of different orders always interlace (Watson 1958). It is also
interesting to look at the implication of the theorem regarding
solving problems with d ≥ 3. The coefficients of the �d basis
are a weighted average of those in the �d+2 basis. Therefore, if
some coefficients are negative in the �d+2 basis, it may be pos-
sible to smooth them and have a valid expansion in �d . Also,
if the coefficients are positive in �d+2, they are certainly posi-
tive in �d . We will take another look at this in the next section
on numerical results. A similar theorem for going from a lower
dimensional expansion to a higher one is easily derived taking
the coefficients pk and finding p̃ j . Instead of taking a weighted
average of the coefficients, a weighted finite difference is used.

Fig. 1. Weights applied to the coefficients of an R
4 expansion to give

the 50th coefficient of an R
2 expansion. The weights smooth and reduce

the coefficients of the higher dimensional space to find p50. The sum of
the weights is approximately .7522

Figure 1 depicts the weights for the p̃ j to find p50, where
t̃ j are the zeros of J1. So we are converting the coefficients
of the R

4 expansion to coefficients of the R
2 expansion. These

weights clearly smooth the coefficients of the R
4 expansion as

well as reduce their size (the sum of the coefficients in Fig. 1
is approximately .7522). This is exactly the opposite of what
happens to c(h) as we go down in dimension. As can be seen
by Theorem 2, going from an R

d+2 to an R
d expansion, the

covariogram becomes less smooth while the coefficients become
smoother.

If the expansion is not valid because the coefficients are not
all positive, it may be possible to expand using a smaller d to
achieve a valid expansion. On the other hand, if a smoother
fit of c(h) is desired, d may be increased. If it is known that
the covariogram is valid in dimension d and satisfies equation
(9), then it is recommended that an expansion in d is used. This
guarantees the correct form and smoothness of the covariogram.
Unfortunately, covariance estimates may be positive definite in
R

1, but do not have a positive definite representation in R
d ,

primarily because of the variability of the estimates. When this
is the case, an expansion in r < d may be required.

5. Numerical results

In this section, we illustrate the results obtained previously by
first computing the coefficients p given by equation (18) on
equally spaced sampled values from various covariograms, and
by checking when the coefficients are all positive. Next we dis-
cuss a typical example of nonparametric covariogram estimation
in the continuum using both our method, and the method first
proposed by Shapiro and Botha (1991).

In order to illustrate Theorem 1, we choose the nodes t as
zeros of J(d−2)/2, and use equally spaced sampled values from
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covariograms that are known to be valid in R
d . These covar-

iograms may or may not have the correct boundary condition
or the property

∫ ∞
0 hd−1|c(h)|dh < ∞. We compute the coef-

ficients p by means of the matrix equation (18) to determine
whether the smallest coefficient p j is positive or not. For sim-
plicity, the number of nodes and lags are both taken to be equal
to l so that only square matrices are involved. Because there are
l nodes for l lags, there is no error with the fitted covariogram
values, if ordinary least squares and nonnegative least squares
coincide. Then there is no truncation error and the coefficients
fall off quickly. No aliasing issues are present with any of the
covariograms tested when the nodes are properly chosen. This
means the series can be used to find the covariogram values at
any lag h continuously.

Table 1 lists the results using l = 100, and 0 ≤ h ≤ 1.
For covariograms like the first one, the spherical model, and the
following four, the value of the covariogram is 0 when h ≥ 1.
The others decay as h increases. For the discrete problem, only
values in 0 ≤ h ≤ 1 are fitted. The algebra was done with
MATLAB and a small set of very fast MATLAB scripts. For
each covariogram, the smallest coefficient p j is reported along
with the dimension the covariogram is valid in, the value of the
covariogram at h = 1, and the basis �d in which the covariogram
was expanded. For simplicity, the matrix W was taken to be the
identity matrix.

The following comments can be made about the results pre-
sented in Table 1. The first five covariograms behave very nicely.
The boundary condition is satisfied, and when the expansion is
in the correct basis, the smallest coefficient is positive. For the
covariogram (1 − h)2, expanded with the basis �4, the smallest

Table 1. Smallest value of p j using equation (18) for various
covariograms

Valid in Expanded in Smallest Value at
Covariogram dimension dimension p j h = 1

1 − 3
2 h + 1

2 h3 3 2 2.57E-6 0
(1 − h)2 3 2 3.26E-6 0
(1 − h)2 3 3 5.89E-6 0
(1 − h)2 3 4 −9.56E-3 0
(1 − h)3 5 5 4.74E-5 0
e−10h2 ∞ 2 −1.44E-5 5.5E-5
e−20h2 ∞ 2 −4.45E-10 3.0E-9
e−60h2 ∞ 2 −3.19E-16 8.76E-27
�2(th) 2 2 0 0
�6(th) 6 2 −1.00E-5 0
�8(th) 8 2 −4.85E-5 0
hK1(th) ∞ 2 9.80E-7 8.40E-42
hK1(th) ∞ 3 1.47E-6 3.84E-42
h2 K2(th) ∞ 3 1.29E-8 3.85E-42

1
(1+h2)2 ∞ 2 −1.78E-1 .25

1
(1+h2)4 ∞ 2 −3.68E-2 6.25E-2

1
(1+20h2)4 ∞ 2 −1.06E-6 5.14E-6

1
(1+50h2)6 ∞ 2 −1.44E-12 5.68E-11

coefficient falls below zero because the covariogram is not valid
in that dimension. Moreover, this happens at the same time that
the infinite sum of the coefficients no longer is finite. The Gaus-
sian covariograms in Table 1, exp(−αh2), α > 0, fail to have all
positive coefficients, but only few of them are negative and they
become very small when the value of the Gaussian covariogram
is closer to being zero at h = 1. This failure is strictly due to
the p j being estimated from a truncated, sampled covariogram.
The true covariogram is not zero for h ≥ 1 and is only sampled
from 0 to 1.

The next basis functions, �d (th), are valid covariograms pro-
vided d is large enough as discussed in Theorem 2. The value
of t in each case is chosen to be the fifteenth zero of the func-
tion so that the function is zero at h = 1. When d = 2, the
vector c is a column of the matrix M and the basis is perfect.
Thus, the smallest p j is zero. This is of course unusual, given
that the integral in the continuous case is unbounded. For d = 6
we find that the last few coefficients are negative coefficients.
The problem here is that �6(th) is not zero beyond h = 1. The
coefficients are all positive when the integral in equation (13) is
evaluated to infinity. For the continuous case, we obtain positive
coefficients, but not from equation (18). This error is due to the
discretization of the integral in equation (13). Figure 2 shows
the coefficients p for l = 200. There are only a few negative
coefficients at the right on the hump, and these are completely
due to the discretization. The rest of the coefficients are near
zero. The oscillation of the coefficients is a Gibbs phenomenon,
a well known issue with truncated Fourier series. Here the os-
cillation is in the coefficients p j instead of the estimate of c(h).
Gray and Pinsky (1993) discuss the same Gibbs phenomenon
for Fourier-Bessel series. Zeroing out the negative coefficients
does little to the fit of the basis function since they are typically
small and there is only a small number of them.

The covariogram c(h) is only sampled at discrete values, and
only to h = 1. For h ≥ 1 the function is assumed to be zero,

Fig. 2. The 200 coefficients p of an expansion in J0(t j hi ) of the basis
function �6(thi ). The coefficients are not all positive due to the Gibbs
effect since the integral in equation (13) is only approximated
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causing an oscillation in the coefficients. The infinite continu-
ous integral is in fact positive for all t . The key problem is the
discretization and truncation (see Theorem 1) of c(h), not the
truncation of the series! Clearly, nonnegative least squares is not
really needed here. The basis function �8(th) is first expanded
with d = 1 with the same issues as before. Then the coefficients
are smoothed using the result from Theorem 2. The smallest
coefficient goes from −2.1E-3 to −4.85E-5. The procedure can
be repeated, dropping the smallest negative value by powers of
100.

Stein (1999) mentions that the covariograms hv Kv(th), known
as the Matérn class, have considerable practical value for ap-
plications. For these covariograms, equation (18) yields positive
coefficients p. The last set of functions are valid in R

∞ but are not
zero at h = 1. They perform very similarly to the covariogram
basis functions above giving nearly all positive coefficients ex-
cept a few, which are small in magnitude. The negative values
come closer to zero as the minimum point of the covariogram
decreases.

To summarize, Table 1 confirms the positivity of the coef-
ficients provided the covariogram sampled values belong to a
positive definite R

d function. Even when the covariogram sam-
ples are estimated, it is still beneficial to choose the nodes as
before. If the variability is small, generally the solution may
still be close to having positive coefficients, and a nonnegative
least squares algorithm may not be needed. If the spatial di-
mension d is high enough, the coefficients may be smoothed
(Theorem 2), and the estimated points may be fitted in a lower
dimension. Because covariogram estimates that are positive def-
inite in R

1 can always be found, the nonparametric covariogram
estimator (4) with d = 1 can always be reached through smooth-
ing. In order to demonstrate the issues raised by Hall, Fisher
and Hoffmann (1994) regarding the Shapiro-Botha approach,
we plot the effects of different choices of nodes on the non-
parametric covariogram estimator (4). A spherical covariogram,
c(h) = 1 − 3

2 h + 1
2 h3 for 0 ≤ h ≤ 1 and c(h) = 0 for

h > 1, is sampled at 30 equally spaced lags from 0 to 1.
This covariogram has a finite range a = 1, and is valid up
to R

3. In Fig. 3, three nonparametric covariogram estimators
(4) are computed using d = 3 and nodes chosen randomly
(+), uniformly (*), and as zeros of the Bessel functions (dots)
as discussed in Theorem 1. All nodes are in the same range,
between the smallest and largest of the first 30 zeros of the
Bessel function. For the estimator with the nodes t j chosen as
zeros, the fit with the sampled values of the spherical covari-
ogram is perfect and lies exactly on them. Here equation (18)
gives 30 positive coefficients p j and nonnegative least squares
is not needed. For the other choices of nodes, equation (18)
gives many negative p j , and a constrained nonlinear algorithm
must be used in order to obtain valid nonparametric covariogram
estimators. But here, no guarantee of convergence exists and
nonnegative least squares is unable to converge to the proper
solution, as can be seen in Fig. 3. The solution with random
nodes has oscillations not present in the true covariogram, and
the fit with a uniform set of nodes gives a covariogram that

Fig. 3. Shown are three different nonparametric covariogram estima-
tors (4) with d = 3. The difference between the estimators is the choice
of nodes. The estimators are computed by solving for p j either with
(18) or (10). The covariogram values used to find the estimators come
from a spherical covariogram. The estimator with nodes selected as in
Theorem 1 fits the covariogram values exactly and are represented as
dots. The estimator with random nodes is plotted with pluses (+) and
is unable to represent the true covariogram. The estimator with equally
spaced nodes, represented here with stars (*), is also unable to fit the
true covariogram values

Fig. 4. The nonparametric covariogram estimators (4) with nodes cho-
sen uniformly (solid line) and as zeros of Bessel functions in the same
range (solid line through dots). Both estimators are smooth in the con-
tinuum, but the first one is unable to represent the true spherical covar-
iogram. The covariogram sampled values are represented as dots

drops off much more sharply than the spherical covariogram
does.

The random node selection is generally poor, and we now only
compare the two others in the continuum. In Fig. 4, the non-
parametric covariogram estimators with nodes chosen equally
spaced and as zeros are plotted as a function of h in the contin-
uum. Both are smooth because only 30 nodes are being used,
but only the one with nodes chosen as zeros actually fits the



106 Gorsich and Genton

Fig. 5. The spurious oscillations (mentioned by Hall, Fisher and
Hoffmann 1994) of the nonparametric covariogram estimator (4) in
the continuum. Now the estimator can represent the true covariogram
only on a discrete set of values, shown here as dots, by using 90 nodes
instead of 30. The result is an unsmooth covariogram which does not
fit the true spherical covariogram in the continuum

covariogram values. To force the nonparametric covariogram
estimator with equally spaced nodes (but not zeros) to fit the co-
variogram values, Shapiro and Botha (1991), Cherry, Banfield
and Quimby (1996), and Cherry (1997), increase the number of
nodes used. In order to fit most of the spherical covariogram val-
ues, 90 nodes are required, and nonnegative least squares must
again be used because (18) gives negative coefficients. Nonneg-
ative least squares does find a solution, but now aliasing causes
the solution to have spurious oscillations in the continuum as
shown in Fig. 5. As pointed out by Hall, Fisher and Hoffmann
(1994), the problem here is in the continuum, where the wild
oscillations have nothing to do with the true spherical covari-
ogram. Our method fits the true covariogram values very accu-
rately, without nonnegative least squares and without spurious
oscillations.

6. Conclusions

In this article, we have demonstrated the benefits of choosing
the nodes of a discretization so that the Bessel functions for
the basis of isotropic covariograms in R

d are orthogonal. With
this selection of nodes, the problems discussed by Hall, Fisher
and Hoffmann (1994) in the other nonparametric covariogram
estimators, first proposed by Shapiro and Botha (1991), are re-
solved. Specifically, the nonparametric estimator in the contin-
uum is positive definite and no longer has spurious oscillations.
We proved that a nonlinear algorithm is not needed because
these formulas will give positive coefficients, provided the co-
variogram is valid and has the correct boundary condition. Then
we gave relationships for expansions in different dimensions d
and the effects on the coefficients of the nonparametric estima-
tor. Finally we described a number of numerical computations

to illustrate the results and offered some general techniques for
nonparametric estimation of isotropic covariograms. These non-
parametric estimators provide a mechanism to determine any
value of c(h) in the continuum given only a finite number of
function values, a crucial requirement for kriging techniques. A
practical application of nonparametric covariogram estimation
to photometric data arising from Astronomy can be found in
Genton and Gorsich (2002).

Appendix

Proof of Theorem 1: Because c(h) = ∫ ∞
0 �d (th) d F(t) and∫ ∞

0 hd−1|c(h)|dh < ∞, we have:∫ ∞

0

∣∣∣∣
∫ ∞

0

J(d−2)/2(th)

t (d−2)/2
f (t) dt

∣∣∣∣hd/2dh < ∞. (21)

This implies (Watson 1958, Tolstov 1962) that the series (3)
converges uniformly to c∗(h). Thus,

∑∞
j=1 p j�d (t j h) converges

uniformly to c(h). Now using the fact that the series is orthogo-
nal, i.e.:

∫ hmax

0
h J(d−2)/2(t j h/hmax)J(d−2)/2(tkh/hmax) dh

= δ( j − k)h2
max J 2

d/2(t j )/2, (22)

where a ≤ hmax < ∞, we can solve for each p j using equation
(13) and arrive at:

c∗(h) =
∞∑
j=1

(
2

h2
max J 2

d/2(t j )

∫ hmax

0
h̃

d/2
c(h̃)J(d−2)/2(t j h̃/hmax) dh̃

)

× J(d−2)/2(t j h/hmax). (23)

This is equivalent to:

c∗(h) =
∞∑
j=1

(
2

h2
max J 2

d/2(t j )

∫ a

0
h̃

d/2
φ(h̃)J(d−2)/2(t j h̃/hmax)

× J(d−2)/2(t j h/hmax) dh̃

)
. (24)

The term J 2
d/2(t j ) can be approximated as 2

t j π
sin2(t j − dπ/2 +

π/4) where the error goes to zero as t j gets large. The zeros
t j can also be approximated as ( j + (d − 3)/4)π with the error
going to zero as t j gets large (Watson 1958, Tolstov 1962). More-
over, every term in the expansion above of b(2−d)/2h(d−2)/2φ(h),
b(d−2)/2 = 2(d−2)/2�(d/2), tends to zero as hmax gets large, so
the error in the first terms can be neglected for large hmax. Using
this approximation for both t j and J 2

d/2(t j ) we have:

J 2
d/2(t j ) ≈ 2

t jπ
. (25)
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Now b(2−d)/2h(d−2)/2φ(h) can be written as:

∞∑
j=1

π t j

h2
max

∫ a

0
h̃

d/2
φ(h̃)J(d−2)/2(t j h̃/hmax)J(d−2)/2(t j h/hmax) dh̃.

(26)

Setting t̂ j = t j/hmax and δt̂ = t̂ j+1 − t̂ j , we have δt̂ = π/hmax.
Now

b(2−d)/2h(d−2)/2φ(h) =
∞∑
j=1

t̂ jδt̂

∫ a

0
h̃

d/2
φ(h̃)J(d−2)/2(t j h̃/hmax)

× J(d−2)/2(t j h/hmax) dh̃. (27)

Therefore, as hmax → ∞, the sum can be rewritten as an integral:

b(d−2)/2h(d−2)/2φ(h)

=
∫ ∞

0
J(d−2)/2(t̂h)t̂d t̂

∫ a

0
h̃

d/2
φ(h̃)J(d−2)/2(t̂ h̃)dh̃. (28)

Setting f (t̂ ) = ∫ a
0 h̃

d/2
φ(h̃)J(d−2)/2(t̂ h̃)dh̃, we have:

b(2−d)/2h(d−2)/2φ(h) =
∫ ∞

0
J(d−2)/2(t̂h) f (t̂ )t̂ d t̂ . (29)

Now we have Yaglom’s representation (1957) of Bochner’s the-
orem:

φ(h) = b(d−2)/2

∫ ∞

0

J(d−2)/2(t̂h)

(t̂h)(d−2)/2
f (t̂ )t̂

d/2
dt̂, (30)

or simply:

c(h) = b(d−2)/2

∫ ∞

0

J(d−2)/2(t̂h)

(t̂h)(d−2)/2
dF(t), (31)

because d F(t̂ ) = t̂
d/2

f (t̂ ) dt . The condition that
∫ ∞

0 hd−1

|c(h)|dh < ∞ is equivalent to the condition
∫ ∞

0 t̂
d−1

f (t̂ )d(t̂) <

∞ (Stein 1999). Because c(h) is valid, f (t̂ ) ≥ 0 for all t̂ . This
means f (t̂ j ) ≥ 0 for all j . Moreover since F(t̂ ) is bounded,∑∞

j=1 p j < ∞, thus proving the theorem. �

Proof of Theorem 2: We know from Theorem 1 that if c(h) is
valid in d +2 and

∫ ∞
0 hd+1|c(h)|dh < ∞, then assuming appro-

priate boundary condition, we can represent hv+1c(h) using an
orthogonal series, where again v = (d − 2)/2. We assume this
series is known for v + 1 and that the coefficients are positive
and have a finite sum. Then the series representation in �d is
valid if the nodes between v + 1 and v are interlaced. This is
always true in a Fourier-Bessel or Dini expansion (Watson 1958,
Tolstov 1962, Tranter 1969), so this is a natural request. To prove
the relation above, that surprisingly does not depend on t j , start
by writing:

∞∑
j=1

p̃ j�d+2(t̃ j h) =
∞∑
j=1

p j�d (t j h). (32)

Now multiplying both sides by hv Jv+1(t̃ l h) for some l and inte-
grating with respect to h gives:

∞∑
j=1

d p̃ j

t̃ n+1
j

∫ ∞

0

Jv+1(t̃ l h)Jv+1(t̃ j h)

h
dh

=
∞∑
j=1

p j

tn
j

∫ ∞

0
Jv+1(t̃ l h)Jv(t j h) dh. (33)

The values of these integrals are known (Wheelon 1968). Evalu-
ating the integrals and then multiplying each side by t̃v+1

l gives:

1

2(v + 1)


∑

t̃ l≤t̃ j

p̃ j

(
t̃ l

t̃ j

)2(v+1)

+
∑
t̃ j <t̃ l

p̃ j


 =

∑
t j <t̃ l

p j , (34)

where now the t j have canceled, and the interlacing of the nodes
was used. It is assumed t̃ l > tl , which is the case for the Fourier-
Bessel and Dini expansions. Now for l = 1 we have:

p1 = 1

2(v + 1)

∞∑
j=1

p̃ j

(
t̃1

t̃ j

)2(v+1)

, (35)

so that p1 ≥ 0 since p̃ j ≥ 0 and t̃ j ≥ 0 for all j . By subtracting
the equations for l + 1 and l we then arrive at:

pl+1 = 1

2(v + 1)

∞∑
j=l+1

p̃ j

(
t̃ 2(v+1)

l+1 − t̃ 2(v+1)
l

t̃ 2(v+1)
j

)
, (36)

so again this implies pl ≥ 0 as well since t̃ l+1 > t̃ l . Therefore
all pl are positive, finishing the proof. �
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