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ABSTRACT

Independent Component Analysis (ICA) attempts to separate

independent components present in the mixture signals. Several

criteria have been suggested for ICA in the past, including kur-

tosis and negentropy. Kurtosis suffers from a drawback of being

outlier sensitive. As a remedy, we propose Robust ICA (RICA),

which employs appropriate robust estimators. In this paper, we

compare the robustness properties of RICA with kurtosis- and

negentropy-based ICA. Since robust estimators are insensitive

to outliers in contrast to maximum likelihood estimates (MLE),

we demonstrate that in the presence of outliers, RICA works

better than kurtosis- and negentropy-based ICA.

1. INTRODUCTION

A lot of work has been done on ICA since its introduction

in 1980s by Hérault, et. al.[7]. Cardoso [2] used it for blind

source separation (BSS) using higher order cumulant tensors

and eventually proposed JADE algorithm [3]. In [1], Bell,

et. al., presented an information maximizing algorithm for

separating independent components (IC). Later Hyvärinen and

Oja proposed an algorithm [10] based on maximum kurtosis.

These algorithms employ MLE estimators which are sensitive

to outliers. In this paper, we propose using robust estimators

combined with maximum kurtosis algorithm to make it robust

to outliers.

This paper is organized as follows: We start with a brief

introduction to ICA given next followed by robust estimators

in Section 3. We present the proposed method in Section 4

and substantiate the technique with an application to BSS in

Section 5. Finally, we provide concluding remarks in Section 6.

2. INDEPENDENT COMPONENT ANALYSIS

ICA finds ICs, s, given n mixture signals, x = [x1, . . . , xn]T :

x = As, (1)

with no prior information about s except that they are statisti-

cally independent. The goal is to estimate the mixing matrix A

and then by inverting it, we get:

s = Wx = A
−1

x. (2)

In this paper, we will employ kurtosis based ICA, which is

due to Delfosse and Loubaton [4], that tries to maximize the

non-Gaussianity of the component estimates. More specifically,

it utilizes the central limit theorem according to which a sum of

any two independent random variables will be more Gaussian

that the individual variables. Since

y =
∑

i

wixi = w
T
x = w

T
As = z

T
s (3)

is implicitly a linear combination of the ICs {si}, it is more

Gaussian than any of them and is least Gaussian when it equals

one of si’s. In other words, kurtosis-based ICA searches for a

solution that maximizes non-Gaussianity of y. Since kurtosis of

a Gaussian random variable is unique, it is used as a measure

of non-Gaussianity.

Kurtosis of a random variable Y is defined as:

κ[Y ] := E
[

Y 4
]

− 3
(

E
[

Y 2
])2

. (4)

Note that:

κ[Y ]











> 0 if Y is super-Gaussian

= 0 if Y is Gaussian

< 0 if Y is sub-Gaussian

(5)

Hence, finding ICs is equivalent to the following optimization

problem:

max
w

|κ[y]| = max
w

∣

∣

∣

∣

E
[

(wT
x)4

]

− 3
(

E
[

(wT
x)2

])2
∣

∣

∣

∣

. (6)

In order to maximize the objective function J = |κ[y]| given

by Eq. 6, gradient ascent method may be used. In case, mixtures

x are pre-whitened to z, the gradient of J is:

GJ (w) = 12sign
(

κ[wT
z]

)

(E[z(wT
z)3] − w ‖ w ‖2). (7)

As a simplification, the last term in Eq. 7 may be neglected

for whitened mixtures, if w is normalized to unit norm after

each iteration. Hence, the update at each iteration is:

△w ∝ sign
(

κ[wT
z]

)

E[z(wT
z)3],

w = w/ ‖ w ‖ . (8)

The algorithm given above finds only one of the weight

vectors. For entire weight matrix, W = [w1, . . . ,wn]T , we

have to repeat it for each IC. In order to avoid convergence to

the same value, outputs w
T

1 x, . . . ,wT

n x must be decorrelated

after every iteration.

3. ROBUST ESTIMATORS

Given N samples, x1, . . . , xN , MLE estimates of mean,

variance and kurtosis are:

µ̂ =
1

N

N
∑

i=1

xi, (9)

σ̂2 =
1

N

N
∑

i=1

(xi − µ̂)2, (10)

κ̂ =
N2[(N + 1)m4 − 3(N − 1)(σ̂2)2]

(N − 1)(N − 2)(N − 3)
, (11)
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where m4 is the fourth order sample moment:

m4 =
1

N

N
∑

i=1

(xi − µ̂)4 (12)

These estimators, especially those for higher order statis-

tics, are not robust to a small fraction of outlying data. We,

therefore, suggest using robust estimators instead of sample

estimates. We will discuss two types of estimators: order

statistics based estimators (OSE) and maximum likelihood-like

estimators (MLLE).

3.1. Robust Estimate of Mean

In contrast to sample mean, insensitivity of median to out-

liers suggests that any estimator based on median will yield

robustness.

1) Maximum Likelihood-like Estimate: Recall the MLE es-

timator of the mean µ of N independent samples drawn

according to a conditional distribution p(x|µ). Here, we will

discuss only the case where µ appears in p(x|µ) in the form

x − µ. The log likelihood function is:

logL(µ) = −
N

∑

i=1

log p(xi − µ) = −
N

∑

i=1

ρ(xi − µ), (13)

where ρ is called the loss function. Minimizing the log likeli-

hood function yields:

N
∑

i=1

ψ(xi − µ) = 0, (14)

where ψ(x) = ∂ρ(x)

∂x
is called the influence function. If we

choose ρ(x) = x (Gaussian), we get sample mean given by

Eq. 9, which is not robust to outliers. On the other hand, if

we choose ρ(x) = signum(x), we get median. Note that the

argument, x − µ, is the distance between parameter µ and

observation xi. For the latter case, the distance, x − µ, is

independent of the relative size of the observations xi, and is,

therefore, more robust than the former. In essence, instead of

assuming a Gaussian distribution, influence function may be

chosen a priori to ensure robustness and efficiency over a wide

range of distributions

2) Trimmed Mean: It is intuitive that the effect of the

outlying values can be minimized by removing a certain quantile

of the sample data. Hence, trimmed mean is defined as an

average of inner fraction of observations:

µ̂α :=
1

N − 2k

N−k+1
∑

i=k

xi, (15)

where k = αN rounded to an integer.

3.2. Robust Estimate of Variance

A robust MLLE estimate of variance is a solution to Eq. 14

with the following influence function [9]:

ψ(x) =

{

x if |x| ≤ α

αsgn(x) otherwise.
(16)

Since variance of X is the spread of X about the mean,

for which median X̃ may be taken as a robust estimate, the

deviation of X from X̃ yields a robust estimate of the standard

deviation known as median absolute deviation (MAD). Hence:

MAD = d
(

median{|xi − X̃| : i = 1, . . . , N}
)

, (17)

where d is a correction factor for consistency; for Gaussian

distribution d = 1.482.

Rousseeuw et. al.[14] proposed a highly robust estimator

QN (x) based on the same idea:

QN (x) = d{|xi − xj | : i < j, i, j = 1, . . . , N}(k), (18)

where k = ⌊(N C2) + 2)/4⌋ + 1 and ⌊.⌋ denotes the integer

part. d is a correction factor, which is 2.2191 for Gaussian

distribution. The beauty of this estimator is that it does not

depend on the location parameter.

3.3. Robust Estimate of Kurtosis

Without loss of generality assume that observations are zero-

mean. We transform the observations according to the map:

f(x) : x 7→ x2, (19)

and subsequently employ a robust variance estimator using

transformed observations {f(xi)} to get a robust estimate of

kurtosis.

Another robust estimate of kurtosis is [12]:

κ̂ =
(E7 − E5) + (E3 − E1)

E6 − E2

− 1.23, (20)

where Ei is the ith octile, for i = 1, . . . , 7.

3.4. Robust Estimate of Covariance

A robust estimator of variance can be utilized for estimating

covariance [9], [6]:

Cov(X, Y ) =
αβ

4
[V ar(X/α + Y/β) − V ar(X/α − Y/β)],

(21)

where α = σX and β = σY is recommended [5].

Rousseeuw et. al.[13] presented an estimate of covari-

ance, known as MCD estimate, based on selecting a subset

{xi1
, . . . , xih

} of size h, where 1 ≤ h ≤ n, that minimizes

the generalized variance, i.e., the determinant of the covariance

matrix is computed from the subset. The location estimator is

then defined as:

µ̂n =
1

h

h
∑

j=1

xij
, (22)

and the scatter estimator as:

Σ̂n = cp

1

h

h
∑

j=1

(xij
− µ̂n)(xij

− µ̂n)T , (23)

where cp is a consistency factor and h ≈ 0.75n.

4. ROBUST ICA

We propose employing robust estimators with kurtosis based

ICA. As a preprocessing, we whiten the data and hence, estimate

covariance matrix using an “appropriate” estimator given in

Section 3.4. Update at each iteration, Eq. 8, requires estimates

of mean, variance, covariance and kurtosis, which are given in

Section 3.
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5. EXPERIMENTAL RESULTS

We have tested outlier sensitivity of RICA using several sets

of mixtures of real as well as synthetic signals from WAVELAB.

RICA has proved to be much robust to outliers as compared to

traditional ICA using kurtosis and negentropy.

In this section, we present some simulation results for a BSS

problem and will compare robustness properties of ICA and

RICA. We take sine, tweet and greasy as our test signals

(Fig. 1), with their respective histograms in Fig. 2. This choice

is quite diverse on two accounts:

1) Tweet and greasy signals are frequency rich while

sine signal is composed of a single frequency.

2) Tweet and greasy are supergaussian while sine is

subgaussian (κt = 2.9, κg = 5.1, κs = −1.5).
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Fig. 1. Independent Components: (a) Sine; (b) Tweet; (c) Greasy.

Mixtures, shown in Fig. 3, were generated with a random

mixing matrix. Their histograms, given in Fig. 4, indicate that

they are more Gaussian than any of the ICs.
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Fig. 2. Histograms of independent components: Subgaussian for (a)

Sine; Supergaussian for (b) Tweet; (c) Greasy.
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Fig. 3. Mixture signals: (a) x1(t); (b) x2(t); (c) x3(t).

To study the effect of outliers, ten random outliers were

added to the mixture signals to generate signals shown in

Fig. 5 with corresponding histograms in Fig. 6. Application of
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Fig. 4. Histograms for mixture signals: (a) x1(t); (b) x2(t); (c) x3(t).

ordinary ICA with kurtosis yields results given in Fig. 8 after

replacing samples outside 0.5 percentiles on either side with

the neighboring means. Clearly, the algorithm fails to find any

meaningful constituent signal.
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Fig. 5. Mixtures with outliers: (a) x1(t); (b) x2(t); (c) x3(t).
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Fig. 6. Histograms of mixtures with outliers: (a) x1(t); (b) x2(t); (c)

x3(t).

On the other hand, implementation of RICA involves three

crucial steps:

1) whitening

2) evaluation of the sign of kurtosis of w
T
z in Eq. 6

3) covariance of z and (wT
z)3 in Eq. 6

which require robust estimation of covariance and kurtosis. We

explored various robust estimators given in the previous sec-

tions. For kurtosis, we utilized robust estimate given in Eq. 20.

Combination of Eq. 19 and Eq. 18 may not be used because it

gives the magnitude of kurtosis, while we are interested in its

sign only. For whitening, using Eq. 21 with Eq. 18 may result

in negative definite covariance matrix, which in turn results in a

whitening matrix that maps the mixture signals to the complex

plane. We, therefore, recommend MCD estimator for covariance

estimation. Learning process has not been found to be affected

by the choice of robust estimators for mean and variance.

The results obtained from RICA are illustrated in Fig. 9, after

setting the outlying values to the neighboring means. Clearly,

the results are far better than those for ordinary ICA. Only the

sine signal has some distortion, the amount of which is within

acceptable limits.
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Fig. 7. ICs estimated using kurtosis-based ICA: (a) ŝ1(t); (b) ŝ2(t);

(c) ŝ3(t).
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Fig. 8. ICs estimated using kurtosis-based ICA and finally removing

outliers: (a) ŝ1(t); (b) ŝ2(t); (c) ŝ3(t).

5.1. Comparison with Negentropy-based ICA

In this section, we compare the results with those obtained for

negentropy based ICA (Fig. 10). Obviously, the learned signals

are not good estimates of the independent components. It must

be pointed out that these results were obtained with half the

number of outliers as that in the previous case. RICA, therefore,

performs far better than ICA through negentropy and has nice

robustness properties.

6. CONCLUSIONS

In this paper, we used robust estimators for ICA instead

of employing MLE estimators to propose RICA. We explored

several robust estimators for various statistics. Any of the

estimators given in Section 3.1 and 3.2 can be used for the

estimation of mean and variance. For covariance, if OSE esti-

mators are coupled with Eq. 21, covariance matrix may become

0 100 200 300 400 500 600 700 800 900 1000
−10

0

10

0 100 200 300 400 500 600 700 800 900 1000
−10

0

10

0 100 200 300 400 500 600 700 800 900 1000
−2

0

2

 s
1est

(t)

 s
2est

(t)

 s
3est

(t)

 t 

Fig. 9. ICs estimated using RICA: (a) Sine; (b) Tweet; (c) greasy.
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Fig. 10. ICs estimated with negentropy-based ICA in the presence of

5 outliers: (a) Tweet; (b) Sine; (c) Greasy.

negative definite in some cases. Such an estimator should,

therefore, be avoided; we recommend using MCD estimator.

To estimate the sign of kurtosis, we suggest using Eq. 20.

A comparison of RICA with kurtosis-based ICA and

negentropy-based ICA reveals that RICA is more robust against

outliers, while the rest fail to learn independent components in

the presence of outliers. For instance, negentropy-based ICA

fails even with half the number of outliers. In the absence of

outliers, RICA is not inferior to the other two methods, although

RICA is computationally slower. As a future work, we are

working on evaluating breakdown point of RICA.
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