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ABSTRACT

In this article, we propose stationary covariance functions for processes that evolve temporally over a
sphere, as well as cross-covariance functions for multivariate random fields defined over a sphere. For such
processes, the great circle distance is the natural metric that should be used to describe spatial dependence.
Given the mathematical difficulties for the construction of covariance functions for processes defined over
spheres cross time, approximations of the state of nature have been proposed in the literature by using the
Euclidean (based on map projections) and the chordal distances. We present several methods of construc-
tion based on the great circle distance and provide closed-form expressions for both spatio-temporal and
multivariate cases. A simulation study assesses the discrepancy between the great circle distance, chordal
distance, and Euclidean distance based on a map projection both in terms of estimation and prediction in a
space-time and a bivariate spatial setting, where the space is in this case the Earth. We revisit the analysis of
Total Ozone Mapping Spectrometer (TOMS) data and investigate differences in terms of estimation and pre-
diction between the aforementioned distance-based approaches. Both simulation and real data highlight
sensible differences in terms of estimation of the spatial scale parameter. As far as prediction is concerned,
the differences can be appreciated only when the interpoint distances are large, as demonstrated by an
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illustrative example. Supplementary materials for this article are available online.

1. Introduction

Researchers in the environmental, geophysical, and agricultural
sciences have become increasingly interested in global data cov-
ering a large portion of the Earth and in representing realiza-
tions of stochastic processes evolving temporally over a sphere.
For such processes, Euclidean distance is not a valid metric for
the description of spatial dependence, since it does not take into
account the curvature of the Earth. In a recent tour de force,
Gneiting (2013) gave an impressive overview of methods that
can be used to generate spatial covariance functions depend-
ing on the great circle distance. He also described a collec-
tion of interesting and challenging open problems. This article
addresses two of these problems and proposes solutions that are
investigated in detail. Specifically, we propose spatio-temporal
covariance and cross-covariance functions of the great circle dis-
tance on a sphere.

First, in his open Problem 16, Gneiting (2013) noted that
“Frequently, the temporal development of a process observed on
a sphere is also of interest, so that the process needs to be mod-
eled on the sphere cross time. Nevertheless, the literature on the
corresponding correlation structures is sparse, with the work of
Jun and Stein (2007) being a notable exception.” Jun and Stein
(2007) offered nonseparable spatio-temporal covariance func-
tions whose spatial component depends on the chordal distance.
It is a notable exception to a large literature entirely relying
on the Euclidean distance based on map projections. Jun and
Stein (2008) extended their approach to produce nonstationary

covariances for data on a sphere, using once again the chordal
distance.

Constructive criticisms in Gneiting (2013) suggest that the
chordal distance approach has limited flexibility. For example,
it does not allow negative correlations lower than —0.21 over
space as can be seen from the structure of the integral represen-
tation of isotropic functions (Schoenberg 1938). Furthermore,
the chordal distance is locally linear, and, according to Gneiting
(2013), “is counter to spherical geometry for larger values of the
great circle distance, and thus may result in physically unrealis-
tic distortions.” For instance, North, Wang, and Genton (2011)
developed spatio-temporal covariance models on a sphere for
temperature fields based on simple yet realistic energy-balance
climate models, but their construction is also based on chordal
distances.

The great circle or orthodromic distance is the shortest dis-
tance between any two points on a sphere measured along a
path on its surface. Because the geometry of the sphere is dif-
ferent from ordinary Euclidean geometry, the equations for dis-
tance take on a different form. The distance between two points
in Euclidean space is the length of a straight line from one
point to the other. On a sphere, however, there are no straight
lines. In non-Euclidean geometry, straight lines are replaced by
geodesics. On the sphere, geodesics are the great circles, that
is, they are circles on the sphere whose centers coincide with
the center of the sphere. Thus, the great circle distance is the
most natural metric to account for phenomena evolving tem-
porally over a sphere; see Banerjee (2005) for an overview in
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spatial statistics. It is therefore imperative to propose new mod-
els of nonseparable covariance functions whose spatial argu-
ment depends on the great circle distance.

In the first part of the article, we address this problem from
two different perspectives. With the first approach, that we call
adapted, we show that a celebrated class of space-time covari-
ance functions, called the Gneiting class (Gneiting 2002), and
where the spatial component is based on Euclidean distance,
can be adapted to covariances for processes on the sphere cross
time, just by replacing the Euclidean distance with the great cir-
cle distance. Such covariances can also be adapted, by Yadrenko’s
(1983) principle, to chordal distance in the spatial component.
In the same spirit, we show the validity of a new class, that we
call modified Gneiting class, obtained with the same plugging
technique as in Gneiting (2002), but where the temporal com-
ponent does not rescale the spatial distance, which overcomes
the dimple problem (Kent, Mohammadzadeh, and Mosammam
2011).

With the second approach, we show a constructive proce-
dure for building space-time covariances that are valid on the
sphere cross time but for which the Euclidean or the chordal dis-
tances cannot be used. Such an approach is more realistic from
the point of view of the physical and mathematical construction
of a Gaussian process on spheres cross time but will be shown
to present some issues that might make the adaptive approach
preferable in some cases.

A comparative study based on simulated data evolving over
a sphere representing the Earth then shows how the chordal
distance and the Euclidean distance based on a map projec-
tion (a common practice among geographic information sys-
tem (GIS) users) cause distortions in the estimation of the spa-
tial scale when a large portion of the Earth is considered. How-
ever, the variance and temporal scale are basically unaffected by
the use of great circle or chordal distances. In the same spirit,
we then address the problem of prediction over the sphere (see
the online supplement, OS throughout) using cross-validation
techniques, and we show that great circle and chordal distances
perform equally well in terms of prediction. This is a fact that
might be expected, since the accuracy of optimal linear pre-
diction depends on the local properties of covariance functions
(Stein 1999). We also use the proposed spatio-temporal models
to analyze Level-3 Total Ozone Mapping Spectrometer (TOMS)
data, which include the daily total column ozone levels, as stud-
ied with chordal distances and only purely spatial models by Jun
and Stein (2008).

Environmental data are typically characterized by multivari-
ate measurements at each site of the spatial domain; see, for
example, Zhang (2007), Apanasovich and Genton (2010), Furrer
and Genton (2011), Kleiber and Genton (2013), and the recent
review by Genton and Kleiber (2015). In the case of global data
over a large portion of the Earth, the arguments offered for jus-
tifying the use of the great circle distance obviously remain valid
for the case of multivariate geostatistics. There is a very sparse
literature on cross-covariance functions associated with vector-
valued random fields defined over the sphere, with the work
of Jun (2011) being an exception, albeit with the chordal dis-
tance again and not the great circle. Our article addresses this
problem and proposes closed-form cross-covariance functions
of the great circle distance. In particular, we propose multivari-
ate Matérn mappings (Gneiting, Kleiber, and Schlather 2010;
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Apanasovich, Genton, and Sun 2012) that have been proposed
earlier in the framework of Euclidean distance only. We also
present a multivariate mapping of the Cauchy type that is new
even for the Euclidean distance, as well as other examples.

With the same rationale as used for the univariate space-time
case, we then perform a simulation study of a bivariate Gaussian
field with a matrix-valued covariance of the Matérn type, and we
show that even in this case, the choice of distance (great circle vs.
chordal vs. Euclidean based on map projection) is a critical issue
to estimation performance of the spatial scale.

In the sequel, we denote by S% C RY*! the d-dimensional
sphere with radius R, that is, Sg = {x e R ||x| = R}.
Throughout, we use the abuse of notation S4 for the unit sphere,
and in what follows we refer to this case, whenever no confu-
sion canarise. Let {Z(x, t) = {Z, (X, 1), ..., Zy(X, O, (x,t) e
S? x R} be a Gaussian p-dimensional vector-valued process
defined on the sphere cross time. We denote by \Ilg.T the class
of continuous square matrix-valued mappings:

C(, ) =[G, )] (1)

ij=1"

with Cj; : [0, 7] x R — IR, such that, for the Gaussian process
Z defined above,

cov{Z(x, 1), Z(y,t)} =C(@O,t —t'), 6 €0, 7],
t,t e R, (2)

where 0 := 0(x,y) = arccos ((x, y)) is the great circle distance
between x and y on S¢.

Such a description is parenthetical to the remark that C must
be positive definite, that is, for any finite collection of real-valued
vectors {ak}fj:l and points {(xg, tr) € S¥ x R}szl, we have

N

P
Z Z aiarjCij {0 (xk, x1), [t — 11|} = 0.

k=11, j=1

For a univariate (scalar-valued) spatio-temporal process, we
use the abuse of notation Wy 1 for W} ;. For merely spatial pro-
cesses observed over the sphere S%, we have cov{Z(x), Z(y)} =
C(0), and we use the notation \115 to describe this case. Obvi-
ously, the inclusion relation \Ilf; D \Ilg,T is strict, and this comes
from the arguments in Corollary 1(b) in Gneiting (2013). The
same arguments show that the following inclusion relation is
strict:

W owl oo (=l

oo, T
d>1

where lIJfo,T defines space-time matrix-valued covariances
being valid on any d-dimensional sphere (actually a Hilbert
sphere). Analogously, we use W, and Wy r for W} and
Wl 1, respectively. Finally, we call Wy := W} the class of positive
definite functions on the sphere S%, and W, = Ny>1 ¥y, Two
more ingredients are necessary for the exposition of the subse-
quent results. A completely monotone function ¢ is a mapping
from [0, 0co) into R, that is infinitely differentiable on (0, c0)
and such that the derivatives change sign pointwise, that is,
(—1*e® (t) > 0, forallk € N,¢ > 0. A function f : [0, 00) —
[0, 00) is called a Bernstein function if it is infinitely differen-
tiable on (0, 00) and its first derivative is completely monotone.
For many interesting facts about these two classes of functions,
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the reader is referred to Porcu and Schilling (2011) and the ref-
erences therein.

The plan of this article is as follows. Section 2 deals with the
class of univariate spatio-temporal covariance functions, W, 7.
Section 3 deals with the class of cross-covariance functions of
the great circle distance, \115 (p > 1). We then provide, in Section
4, a simulation study to emphasize the potential distortions in
using the chordal distance or the Euclidean distance based on a
map projection rather than the great circle distance in a space-
time and a bivariate spatial setting. In Section 5, we revisit the
TOMS data analysis proposed in Jun and Stein (2008). Proofs
and technicalities are presented in the Appendix, reported in the
online supplement.

2. Spatio-Temporal Covariance Functions of the Great
Circle Distance: The Class ¥, ;

2.1 A Gneiting Class on the Sphere Cross Time: Adaptive
Approach from the Euclidean Case

For a given space-time covariance whose spatial component
depends on Euclidean distance, Yadrenko’s principle (Yadrenko
1983) basically implies that we can readapt such a covariance
to the sphere cross time, by replacing the Euclidean with the
chordal distance. This fact prompts a natural question: can we
replace the Euclidean distance argument with the great circle
distance, while preserving positive definiteness? We call this
approach spatially adaptive. We focus throughout on the Gneit-
ing class (Gneiting 2002), which seems to be one of the most
used in geostatistical applications; see also Gneiting, Genton,
and Guttorp (2007) and references therein. For a Gaussian pro-
cess Z defined on R? x R, we have that for two points (x, ) and
(y,t") such that y — x = h (with || - || denoting the Euclidean
distance) and t — ¢’ = u, the Gneiting class of covariances is

2

Ch, u): = N { “ }
ST FATTYBI R

(h,u) € R? xR, 3)

where ¢ is completely monotone on the positive real line such
that ¢(0) = 1, ¥ is a positive-valued Bernstein function, and
0% is a variance parameter. We remark that Gneiting (2002) pre-
sented a generalized version over the product space R? x R! and
that, in the earlier literature, the spatial and temporal arguments
have been inverted, but in the subsequent presentation, we pre-
fer to work with such a parameterization. Zastavnyi and Porcu
(2011) showed necessary and sufficient conditions for the posi-
tive definiteness of the Gneiting’s class. The results below com-
plete the picture of this class in the following way: we suppose
that the spatial argument ||h|| is replaced with the great circle
distance by restricting the function i in Equation (3) to the
interval [0, 7]. The proof and some technical lemmas are rel-
egated to Appendix Al (OS).

Theorem 1. Let 6 : S x S — [0, 7] be the great circle dis-
tance. Let ¢ : [0, 00) — R be a completely monotone function
on the positive real line, with ¢ (0) = 1, and let ¥ be a positive-
valued Bernstein function. Denote by 1o ] the restriction of

to the interval [0, 7r]. Then, the function

u

0.2 2
Viom @727 { Vo) 0) } ’
O,u) € [0,7] xR, (4)

CO,u):=

belongs to the class Wo, 7.

Theorem 1 offers a positive answer: we can work with a
very general class of space-time covariances even on the sphere,
just by readapting the spatial argument through the great circle
distance. Following Gneiting (2002), we just need to plug into
Equation (4) a valid choice of the functions ¢ and . This can
be easily done, for instance, from Tables S1 and S2 of the OS,
where some cases are taken from Gneiting (2013) and Porcu and
Schilling (2011), respectively. In Table S1, it may be surprising
that the parameter v in the Matérn function (second entry in
Table S1 of the OS) is restricted to the interval (0, 1/2], but it is
carefully explained in Gneting (2013), on the basis of the argu-
ments in Miller and Samko (2001), that such a family is not com-
pletely monotone for v > 1/2. Table S2 of the OS reports some
possible choices for the function ¥ (to be composed with the
great circle distance). Some caution is needed when the value at
zero is equal to zero (for instance, the second entry on the left),
in which case we need to add a positive constant to satisfy the
assumptions of Theorem 1. The choice of functions from Tables
S1 and S2 of the OS can be guided empirically by testing pro-
cedures of the structure of space-time covariance functions as
developed by Li, Genton, and Sherman (2007); extensions to the
structure of cross-covariance functions are in Li, Genton, and
Sherman (2008). Some examples are reported in Section 2.3.

The next result reports a modified Gneiting class, having
some desirable features that will be exposed subsequently.

Theorem 2. Let ¢ : [0, 00) — R be completely monotone and
such that(0) = 1.Lety : [0, 00) — R, bea positive, increas-
ing, and concave function on the positive real line. For n < 3 a
positive integer, we have that

2

o
CO,u) = W@ {0y (Ju)},

O,u) € [0,7] xR, (5)
belongs to the class Wy,,41, 7.

Again, the proofis deferred to Appendix A1 (OS). We call this
class a modified Gneiting class. In the original Gneiting class, the
temporal argument basically rescales the spatial one. The posi-
tive integer n in Equation (5) is required for technical reasons as
detailed in Appendix Al (OS). This class provides an easy way
to generate new valid examples, again using the same ingredi-
ents and tables as illustrated for the class in Equation (4). The
Gneiting class was criticized by Kent, Mohammadzadeh, and
Mosammam (2011) for a possibly counterintuitive property that
the authors called dimple: namely, for a given spatial lag, the
temporal margins might be nonmonotonically decreasing. The
authors offered conditions for the presence of a dimple under the
Gneiting class. Direct inspection shows that the modified Gneit-
ing class does not have the dimple property.
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Table 1. Parametric families of members of W__ ; obtained through direct construction as in Theorem 3. Second column reports the analytic expression, where g is

any correlation function on the real line. An additional condition is required for the fifth example, as detailed through the third column. The fourth column details the
differentiability at the origin for the spatial margin. All of the members Cin the second column are rescaled so that C(0, 0) = 1.

Differentiability at zero for

Family Analytic expression Parameters range 5(0) =C(6,0)
Negative binomial C@,u) = {H;(;ﬁ}f ee(0,1),7>0 C e C™({0)
. . —e 2T ~
Multiquadric CO,u) = m e€(0,1),7>0 Ee ce({o))
Sine series C(0,u) = eIWsI=T{1 4 g(u) cosh} /2 _ Cec>(op
Sine power CO,u) =1-2"9{1— g(u) cos 9}*/2 a € (0,2] CgC'({0}) (fora #2)
C e C™®{0}) (fora =2).
T ~
Adapted c®,u) = [Hg‘;gjg‘%} £e(0,1),7>0 Ce (o))
multiquadric 29()/{1+ ¢ ()}
corr. functionon R ~
Poisson C(0, u) = exp [ {cosOg(u) —1}] A>0 C e C*™({0})

2.2 Direct Constructions on the Sphere that are not Valid
in the Euclidean Case

This section is devoted to the construction of members of the
class W, r that cannot be adapted to Euclidean or chordal dis-
tances. The following result refers to a direct construction of
members of the class Wy, 7.

Theorem 3. Let {g;(-)}32, be an absolutely convergent sequence
of continuous and positive definite functions on the real line,
such that g;(0) = by for all k =0, 1, ..., with {b;}72, being a
probability mass sequence. Then,

CO,u) = gi(u) (cost)F,

k=0

O,u) €[0,7] xR, (6)

is a representation for members of the class W, 7.

The proof of a more general result is deferred to Appendix
A2 (OS), where we show that Equation (6) is a special case of a
construction being directly obtained by considering a Gaussian
process of the type

Zox =) Y EuOYa®, xeShteR, (7)

k=0 veYiq

where Ty 4 is an index set specified through Appendix A2 (OS),
Yid:S? — C are the normalized hyperspherical harmonics
(Dai and Xu 2013), and where the set of all & ,, (t) forms a count-
able infinite sequence of Gaussian processes, with zero mean
and Egk’v(t)fk/,u/(t/) = Sk_k/(SU,vfgk(t —t'), t,t' € R. Here, Sk k
denotes the usual Kronecker delta. All the technical details are
deferred to Appendix A2 (OS).

Table 1 details some examples of parametric families of mem-
bers of W, 1 obtained through direct construction. The names
given to each of them (first column) are either parenthetical to
the spatial margin, according to Gneiting (2013) (second and
fourth entries), or to the coefficients by in the series expansion
in Equation (6). The name “sine power” in the fourth entry
might be surprising, but it comes from the fact that in this case
C(6,0) =1 — (*2)%, the family introduced in Soubeyrand,
Enjalbert, and Sache (2008). How to derive the examples from
Table 1 is shown in Appendix A3 (OS). A relevant remark is that
all the entries in Table 1 are obtained by considering gi(-) =

eg(-)k, for g a continuous temporal correlation function, and
e e (0,1).

The direct construction principle seems to be a more natural
solution because it directly relates to the interpretation of a pro-
cess built through the series expansion as in Equation (7). At the
same time, the members obtained through direct construction
inherit some problems related to the Schoenberg representation
of the class W, as outlined in Gneiting (2013). In particular:

e It seems that there is no way to obtain a closed form for
members of W, which allows the differentiability at the
origin to be indexed in a similar way as the Matérn does
in Euclidean spaces. Notable attempts to solve this prob-
lem have been made in Jeong and Jun (2015) without suc-
cess because closed forms are not available. Instead, the
Matérn function can be composed with the chordal dis-
tance without any restriction on the parameter v. Standard
Taylor expansion shows that all of the parametric fami-
lies presented in Table 1 have members whose spatial mar-
gin is infinitely differentiable at the origin, the only excep-
tion being the sine power model, for which the case o = 2
implies that the associated function is only semipositive
definite (Soubeyrand, Enjalbert, and Sache 2008).

¢ The adapted construction has the same problem because
the Matérn covariance function can be combined with the
great circle distance only for v € (0, 1/2]. From this point
of view, it might be preferable to couple the Matérn covari-
ance with the chordal distance, which allows to recover any
level of differentiability at the origin.

¢ The adapted construction detailed in Section 2.1 allows for
rescaling the spatial component, while arguments in The-
orem 8 in Gneiting (2013) imply that, in general, this can-
not be done for the case presented here. This means that
C(6/a, u), for a a positive scaling parameter, is not nec-
essarily a valid space-time covariance. Furthermore, for a
fixed value of ¢ € (0, 1), the parameter t in the space-time
negative binomial and (adapted) multiquadric families acts
as a rescaling parameter for the great circle distance.

e The direct construction in Equation (6) and examples in
Table 1 allow for any type of temporal margin, provided
g is a temporal correlation function. The only exception
is made for the adapted multiquadric, for which the tech-
nical condition is again deferred to Appendix A3 (OS).
This makes this approach more flexible than in the adapted
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Gneiting class, where a strong assumption is made on
the temporal margin to show that the adapted Gneiting
class belongs to Wo, 1. Another limitation of the adapted
and modified Gneiting classes is that they only allow for
strictly positive correlations, whereas the approach based
on direct construction allows for temporal correlations
attaining negative values or correlations with compact sup-
port.

2.3 Some Examples and Parameterizations

This section details some examples from the adapted Gneiting
class described in Section 2.1, Theorem 1, and the direct con-
struction approach described in Section 2.2 that will be used in
the analysis of the TOMS data in Section 5. The examples con-
sider the geodesic distance on a sphere of arbitrary radius R.

Examples from the adapted Gneiting class:

o Taking the first entry in Table S1 (OS) for time and the first
in Table S2 (OS) for the great circle, we obtain, after con-
venient parameterization (following the lines in Gneiting
2002), and after multiplication with the spatial covariance
0+ {14+ (0/cs)} P, cs,8 > 0:

02

e T

cs
(&)
cr

exp | ——— | (®)

L ()]
where cg, c7 > 0 are scaling parameters over space and
time, respectively, the ranges of «, 8, and y are defined
in the respective tables, and B € [0, 1] governs the sepa-
rability over space and time. When 8 = 0, (8) reduces to
the separable case. Figure S1 (OS) depicts a realization of
a space-time process over the Earth (R = 6378.88 km),
for two time instants, using a special case of the spatio-
temporal covariance function in (8), under the parame-
terization (15) used in Section 4, and for a specified set of

parameters (cs = 6000 km, ¢y = 3,and 02 = 1).

o Keeping the same choice for the great circle and the third

choice of Table S1 (OS) for time, we obtain

CO,u) =

0.2

ayé+p/2
RO
b ()]

(&)

X 1+—a -
()]

where the interpretation of the parameters is analogous to
that in (8) and again we refer the reader to Tables S1 and
S2 (OS) for the parameter space restrictions.

Examples taken from direct construction principle:

® As a first choice, from the negative binomial family (first
entryin Table 1), fore € (0, 1) and using the function u —
g(u; ) == (1 + |u|*)"!, & € (0, 2], we have the following

CO,u) =

—A

.09

model:

T

1—e¢

ay—1
1—8{14—(%) } cos 6

0,u) € [0, 7] x R,

C,u) =02

’

(10)

where o2 is the variance, cr is the temporal scale, and
where the positive parameter 7 plays the role of spatial scal-
ing and is analogous to the parameter ¢s in the adapted
Gneiting class.

e From the multiquadric (second entry in Table 1), under
the same choice for the function g, we have the following
model:

o%(1 — )"

[1 +e2—2e {1 + (%)a}_lcose}

0,u) € [0, 7] x R,

CO,u) =

T

(11)

with the same restriction on the parameters as in the pre-
vious model.

® The same choice of the function g, coupled with the sine
series family (third entry in Table 1), gives the mapping

) cos 6
CO,u)=cv|1l+ T
sfre (2))
cos 6
X exp

sl (2

0,u) € [0, 7] xR, (12)

with ¢g a positive parameter having the role of rescaling
over space, and v := 1/{(1 + 1/cs) exp(1)} being the nor-
malization constant.
Figure S2 (OS) plots the covariances C(6, u) from (12) (solid)
for « =1, ¢ = 1/2 and from (11) (dashed) for « = ¢ =1/2,
both for t = 4 and ¢y = 3.

3. Cross-Covariance Functions of the Great Circle
Distance: The Class ¥}

We now show that some parametric classes of cross-covariances
proposed in the recent literature for multivariate processes can
be used with the great circle distance while preserving positive
definiteness over the sphere S¢.

We start with a general result and then illustrate a very sim-
ple constructive approach that allows members of the class W2,
to be obtained. Our examples put special emphasis on the case
p = 2 for ease of illustration, but they can be extended to p > 2
without much mathematical effort, albeit restrictive conditions
might be needed. In what follows, we write WY for the class
of positive semidefinite matrices of real coeflicients. Technical
proofs are presented in Appendix B (OS).

The next result substantially rephrases a general result due to
Porcu and Zastavnyi (2011) for the case of great circle distances.
We omit the proof because it follows exactly the same arguments
as in Porcu and Zastavnyi (2011).
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Table 2. Examples of parametric members of lllgo. Last column reports the conditions on the parameter so that the multivariate family obtained through construction in
(14) belongs to \Pgo. For all cases, the cross parameters are symmetric, that s, A,, = A,, for any parametric construction. The measures 1 in the fourth column are reported

from Miller and Samko (2001). In the fifth row, Du is the parabolic cylinder function.

Family @011 Parameters Measure 1 (d&)/dé Conditions for \Pgo
v —v
Matérn (0)" I, (aB) a>0,ve(0,1/2] (%) 15_1(1)) exp(—a?/4E) see Gneiting, Kleiber, and Schlather (2010)
Generalized a+@©/B)H" B>0,aec(0,1,v>0 lffu)é"*‘ exp(—p¢&) B = (:311 + B) /2, vy = (v +15,)/2
Cauch RO )
y P2 = ﬁ122”12 Ty " i o
Kummer Fa,c,—0) O<a<c %5“4 -0t ¢;>a;>0
G = (¢; + cjj)/z, ay = (ag; —|—ajj)/22
02 < Del(e,) _Tay) Mey—ap)
2 = T(q)? T@ylay,) Me,—a,r(c,~a,)
Gauss \Fya,b.c. —0) 0O<b<ca>0, ﬁgﬁ 1- 1‘)5:"*1 ¢;>b,;>0a,=a>0
hypergeometric
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Theorem 4. Let (2, F,u) be a measure space, K(0;w):
[0, 7] x & — RP*P, and

C(9)=/K(9;w)u(dw)
Q

P
= |:/ Aij(0; ) ,u(da))] ,
Q i,j=1

1. Assume that K = [A;;(-; -)]fj=
two conditions:

(1a) for every i, j=1,..., p and 6 € [0, ], the func-
tion A;;(0; -) belongs to L; (2, F, u);

(Ib) K(-; w) € \115 for p-almost every w € Q.

Then, C € ¥},

2. Conditions (la) and (1b) are satisfied when, for
0 el0,7], K@O;w)= fO;,w)F(@O;w), where the
maps f(0;w):[0,7r] x 22— R and F(;w)=
[F,-]-(H; a))]fj:1 1[0, ] x @ — RP*P satisfy the fol-
lowing conditions:

(a) foreveryi,j=1,..., pand@ € [0, ], the function
f(0; )E;(8; -) belongs to L (2, F, );

(b) f(; w) € Y, for p-almost every @ € 2; and

(¢c) F(;w) € \Iff; for p-almost every w € Q.

Theorem 4 offers a construction principle that allows mem-
bers of the class W2 to be built easily. In particular, let
(-3 L) : [0, 00) = R be a completely monotone function with
©(0; L) = 1. Here, A € R™ denotes a vector of parameters. Call
@[0.7](-; L) the restriction of ¢ to the interval [0, r]. Then, the
arguments in Theorem 7 in Gneiting (2013) show that ¢[o -] is
an element of the class W,,. Now, invoking Bernstein’s Theorem
(Feller 1966, p. 441), we can write

0 e [0, m].

, satisfies the following

so[o,ﬂue;x):f exp(—£0)u(des 1), 6 e [0, 7],

[0,00)

(13)

with u being a positive and bounded measure. Observe that
the integrand 0 > exp(—0§) is the restriction of a completely

monotone function to the interval [0, 7] for all & > 0. Call
r() = (1 O] L, and () = u( hyp), for p as defined
through Equation (13). Then, we can define the mapping

C(0) = [0i0505C ()]}

A 0 €0, ],

(14)
with p;; a colocated correlation coefficient and C;;(6) =
@210 Aij), i, j=1,...,p, and 0 € [0, r]. Applying Theo-
rem 4, we have that C € W% whenever u (&) belongs to the class
\Ilé’ for any & > 0.

Table 2 illustrates examples of parametric members of
the class W2. The conditions come from a very simple
determinantal inequality of the type u(d&; i) (dé; Ayn) >
P (dE; A12)%, € > 0, where for each mapping (o 71, the third
column reports the associated measure in the integral represen-
tation (13) and where we set A1, = A,;. We omit the calculations
for the examples in Table 2, since these are obtained through
straightforward, albeit tedious, algebra.

Generalization to the case p > 2 can be achieved through
diagonal dominance, a more restrictive condition than positive
definiteness of w. This often implies very restrictive conditions
on the colocated correlation coefficients, as can be shown for
the case of the Matérn and generalized Cauchy families, see
Appendix B (OS). Observe that the multivariate Matérn family
inherits the restriction on v for the Matérn function to be com-
pletely monotone. In this respect, it might be preferable to use
the chordal rather than great circle distance for the multivariate
Matérn.

4. Assessing the Discrepancies Between Great Circle,
Chordal, and Euclidean Map Projected Distances: A
Simulation Study

We start with some details on the computation of great circle
(GC), chordal (CH), and Euclidean based on map projection
(MP) distances. For two location sites in longitude and lati-
tude (expressed in decimal degrees), P, = (lon;, lat;) and P; =
(lonj, lat;), and the radius R of the Earth (6378.88 km), the great
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circle distance is given by R, where

0 : = 0(x;, xj) = arccos ((xi, xj))

= arccos{sin g; sina; + cos a; cos a; cos(b; — b;)}.

Here a; = (lat;)7 /180, a; = (lat;)r /180, b; = (lon;)7 /180,
b; = (lon;)7 /180, x; = (a;, b,»)T,andxj = (aj, bj)T.This is the
natural distance to be used with global data. An approximation
of such a metric is the chordal distance:

dcu(xi, Xj) = R{(cos a; cos b; — cosa; cos bj)2

+(cos a; sin b; — cos a; sin bj)2
+(sina; — sin aj)z}l/z.

The chordal distance obviously underestimates the GC distance,
and the approximation error increases with the size of the con-
sidered portion of the Earth. Nevertheless, it has been used to
analyze global data since it allows consideration of those spa-
tial and spatio-temporal covariance models being valid on R?
or R?> x R when the spatial argument is composed with the
Euclidean distance; see, for instance, Jun and Stein (2007) or
Sang, Jun, and Huang (2011).

As outlined by Banerjee (2005), when global data are avail-
able, a popular approach among GIS users is the use of the
Euclidean distance obtained from a map projection, a system-
atic representation of all or part of the surface of the Earth on a
plane. This typically comprises lines delineating meridians (lon-
gitudes) and parallels (latitudes) as required by some definitions
of the projection (Banerjee 2005). Actually, there is no best pro-
jection because none of the available ones is free of distortion.
Map projection is based on considering a sphere with coor-
dinates P; = (lonj, lat;) and then constructing an appropriate
rectangular or polar coordinate system P(P;) = (x;, y;) so that
xj = f(lonj, lat;), y; = g(lon, lat;), where f and g are appro-
priate functions to be determined based upon the properties we
want our map to possess. As pointed out by Banerjee (2005),
choosing the best projection can be a complicated process and
largely depends on the size and location of the area under study.
As an example, in our simulation study, we shall consider the
so-called sinusoidal projection. This is obtained by specifying
fdonj, latj) = Rlon; cos(lat;) and g(lonj, lat;) = Rlat;.

4.1 Estimation of Space-Time Covariances on the Sphere

Assessing the discrepancies between different distance-based
models in terms of estimation is a difficult task. On the one hand,
models based on different metrics cannot be compared in terms
of likelihood because, for two given points on the sphere, they
induce different distances. On the other hand, the use of classi-
cal indicators such as the ones defined in subsequent Equations
(16) and (17) imply to work with models that can be coupled
with all the distances discussed in this article. Thus, we cannot
make comparisons between models based on direct construc-
tion and, for instance, models that can be adapted, for example,
to the chordal distance.

To illustrate how the choice of the distance affects the model
estimation, we consider an increasing region (in lon/lat format)
of the type [—179.4/k,179.4/k] x [—89.5/k, 89.5/k ] withkx =
3,2, 1 (see Figure 1).

50
1

lat
0
1

-50

T T

T T T
-150 -100 -50 0 50
lon

T l(
100 150

Figure 1. Portions of the Earth’s surface and locations of sites considered in the sim-
ulation study, for « = 1, 2, 3, and the portion of the Earth being (in lon/lat coordi-
nates) equal to [—179.4/k,179.4/k] x [—89.5/k, 89.5/k].

For each region, we simulate with Cholesky decomposition
and using GC distances, 1000 realizations of a zero mean spatio-
temporal Gaussian process on 120 uniformly distributed loca-
tion sites, and five temporal instants, t = 1, 2, ..., 5, such that
for each simulation, we have a sample of 600 observations. In
particular, we use the covariance model:

CO,u; L) =

(15)

The parameter vector A € ]Ri includes ¢s and cr (respectively,
spatial and temporal scale parameters) and o? (the variance).
This model is a special case of the model in Equation (5) under
the choicesy = 1/2,8 = 3/4, 8 = 1/2,and a = 1. For reasons
that become apparent from the exposition of our results, we use
the abuse of notation A = (cs, ¢r, 62)T =: (1A, 24, 3A)T.

For each region, we consider two scenarios with increasing
spatial dependence (k = 1, 2, 3):

Scenario (I) c; = 2, 0% = 1, and ¢5 = 600/x;
Scenario (IT) ¢ = 2, 0% = 1,and ¢s = 1, 200/«

such that, in total, we have six cases. Note that the spatial
dependence is proportional to the size of the observed region.

We estimate A using maximum likelihood (ML) estimation
under the model in Equation (15), using either the GC, CH,

or MP distances. Thus, we use the notation 3:55), with X being
either the GC or CH or MP distance, and wherek = 1, ..., 1000
is the progressive number of simulations performed under a
given scenario.

Figure 2 shows the boxplots of the GC versus CH and MP dis-
tances for the three regions considered in our scenarios. Appar-
ently, CH distances are a poor approximation of the state of
nature, and the discrepancy between CH and GC increases, as
expected, when the size of the region increases. Note that MP
distance distortion is apparent mainly in the larger region (« =
1). Thus, we can expect a sensible difference in terms of the esti-
mation of the spatial scale parameter.



JOURNAL OF THE AMERICAN STATISTICAL ASSOCIATION . 895

k=3 k=2 k=1
[=3 o
g1 81 : g
- 2 : ~ : l
- " gl |

o i -3 @ ;
g ; o
° =
g g | § !
3 g
(=3
3
8 (=] i
[- 3 (=3
<] 3 -
b g1 : e
=3 ' '
Q ' ' 1 '
[=3 ' ' ' '
“‘ ; : ! i
& Ll =2 =t o J 2 i = o = | i o i

T T T T T T T T T

MP CH GC MP CH GC MP CH GC

Figure 2. Boxplots of MP, CH, GC distances for the three regions considered in the simulations.

Table 3. M(-) as defined in (16) and A(-) as defined in (17) for the parameters
Csi Cry o2 for the region with k = 3, 2,13 is the smallest, 2 the medium, 1the
largest) when ¢ = 600/« (scenario (1)) and ¢ = 1200/« (scenario (II)).

k=1 K =2 k=3

(0] (I 0] (In 0] (n
MM (&) 6.25 24.07 0.97 4.06 0.42 219
MMP (&) 93.03 201.99 9.86 17.45 317 591
M) 0.013 0.014 0.004 0008 0004  0.007
MMP (e 0.058 0.080  0.015 0.022 0007 0012
MCH(52) 0.004 0.01 0.001 0.003  0.001 0.002
MMP (52) 0.026 0.045 0.005 0.008  0.002  0.004
ACC (&) 1647 20677 67.74 111.52 4567 7490
A (&) 17.73 21178 68.00 11234 4573 74.98
AP 13373 26139 6859 11296 4589 7416
A 0.212 0.21 0.212 0212 0.212 0.21
A 0.212 0.212 0.212 0.212 0.212 0.212
AMP (e ) 0.220 0226 0213 0213 0213 0212
ACC(52) 0.088 0.101 0.084 0.094  0.08  0.093
ACH(52) 0.088 0.104 0.084 0094 0083  0.093
AMP(52) 0.089 0.105 0.084 0.095  0.083  0.093

We now measure the discrepancy between the ML estimates
using either GC (the correct distance) and CH and MP dis-

.~k
tances. Given X(X), we call M (-) the measure

MG / TIR R - )
%=

) i = 11 27 31
1000
X = CH, MP. (16)
We also define another measure A(-) by
1000 , (k) 2
o~ L GAY — A
m%mz/Z“”*”), i=123,
1000
X = GC, CH, MP, (17)

where ;1 denotes the nominal value chosen under one of the pro-
posed scenarios.

The first measure compares the estimates obtained with the
true distance (GC) with the estimates obtained using CH and
MP distances while the second measure describes the simulated
root mean square error obtained using GC, CH, and MP dis-
tances. In Table 3, we present the index M in (16) for the param-
eters cs, c, and o2, as well as the index A in (17) for all possible

combinations of scenarios and regions. Apparently, the choice
of the type of distance does not affect the variance and temporal
scale parameter estimation. For the index M, the discrepancy
between ML estimation with GC distance and CH or MP dis-
tances increases, as expected, as the size of the region of obser-
vation increases. Moreover, this discrepancy increases when the
strength of the spatial correlation increases. This fact is apparent
when using the MP distance.

As for index A, the results in Table 3 suggest that GC dis-
tance is the best choice from a statistical efficiency viewpoint.
As expected, the parameter that is most affected by the choice of
the distance is the spatial scale while the variance and the tem-
poral scale are only slightly affected. The estimates based on the
CH distance perform well enough when compared to GC while
the estimates based on the MP distance present more variability
particularly when considering the larger region (k = 1).

4.2 Estimation of Spatial Cross-Covariances on the Sphere

We replicate this experiment now considering a bivariate spatial

setting. Specifically, we consider a bivariate exponential model
defined by

RO
Cij(0; X) = 0j0pij exp ) pi= 1,
ij
i,j=12, (18)
obtained by setting p =2 and v;; = 1/2 in Equation (13)
OS, and, to simplify the estimation task, we consider
the constraints ¢ = (¢c11 + ¢22)/2. Thus, in this case,
A = (01,02, P12, €11, €22) T, and we consider 1000 simula-
tions obtained with Cholesky decomposition over the regions
defined in Figure 1 (k = 3, 2, 1) under the following scenarios:

Scenario (II1) p;; = 0.2,01 = 1,05 = 1,¢;; = 600/k,and c;; =
720/k;

Scenario (IV) p;; =0.2, 01 =1, 0, =1, ¢;; = 1200/«, and
Cp = 1440//(

The estimation is performed with maximum likelihood, and
we compute the measures M and A as previously defined. The
results are reported in Table 4, and the conclusions are basi-
cally the same: only the spatial scale parameters’ estimation is
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Table 4. M(-) as defined in (16) and A(-) as defined in (17) for the parameters a,,
a,, 0,05, and p,, for the region with k = 3,2, 1(3 is the smallest, 2 the medium,
1the largest) when a; = 600/, a = 2 = 720/« (scenario (ll)) and a, = 1200/,
a, = 1440/« (scenario (IV)).

k=1 K =2 k=3

D) av) (D) (Iv) (D) (Iv)
MM e 7038 135.64 30.15 54.65 1271 31.90
MMP(E) 20474 221.80 5247 63.12 20.09 36.62
MHE,,) 75 18937 29.40 73.96 960  38.92
MMP(E,,) 20454 27078 4651 801 2102 4173
M™M(6,) 0.010 0.022 0.004 0.012 0.003 0.010
MMP (&) 0.053 0.034 0.006 0.013 0.004 0.0m
MM (6,) 0.010 0.030 0.004 0.017 0.003 0.013
MMP(6,) 0.053 0.044 0.006 0.018 0.004 0.014
MM (p,) 0.004 0.004 0.004 0.003  0.003 0.003
MMP(5.5) 0.058 0034 0006 0009 0004  0.005
ASC@E,) 17620 25292 12737 14983 88.89 10229
A%e 17864 26206 12608 14890 8835 10278
AW @) 20187 29379 12940 15351 8893 10235
ASCe,) 18418 28023 12664 16176 87.47 11435
AN, 18394 28393 129.62 16149 8743 112.45
AWy 21309 30707 12848 161.97 87.88 11372
A% (6,)) 0.067 0.076 0.066 0.072 0.066 0.071
AN (6 0.067 0.077 0.066 0.072 0.066 0.071
AP (5) 0.070 0.082 0.066 0.072 0.066 0.071
ASC(55) 0.069 0.075 0.066 0.072 0.066 0.073
AN (6,) 0.069 0.075 0.066 0.072 0.066 0.074
AYP(5,) 0.071 0.082 0.067 0.072 0.066 0.072
AC(5,,) 0.089 0.089 0.089 0.089  0.089 0.089
AM(5,) 0.089 0089 0089 0089 0089 0089
AP (5.) 0.091 0.096 0.089 0.089  0.088 0.089

affected by the choice of the distance. In particular, the estima-
tion based on CH and MP distances perform badly when the size
of the region of observation (x = 3, 2, 1) and/or the strength of
the dependence (moving from scenario (III) to scenario (IV)) is
increased.

5. TOMS Data

This section analyzes Level-3 Total Ozone Mapping Spectrom-
eter (TOMS) data, which include daily total column ozone lev-
els. The data are located on a spatially regular grid (1° latitude
by 1.25° longitude away from the poles) as reported by Jun and
Stein (2008), and we refer to their article for a detailed descrip-
tion of the data. The original data range from latitude inter-
val [—89.5, 89.5] to the longitudes [—180, 180]. Jun and Stein
(2008) considered a single spatial realization over the horizontal
window [—89.5, 89.5] (with all longitudes) whereas we consider
the daily realizations over 2 weeks (15 observations in time)
and select the horizontal window [—35, 35] and all longitudes
as well. In total, we have a regular grid of 20,160 points (288
longitudinal and 70 latitudinal) observed during 15 days, for a
total of 302,400 observations.

We have missing data and follow the same procedure pro-
posed by Jun and Stein (2008) to handle them. Namely, for each
missing data point, we naively put the average data obtained
from eight neighboring cells in space and two contiguous tem-
poral instants, so that we use 24 observations for each local aver-
aging. The available dataset is definitely too large for likelihood
estimation. We therefore select a subset of the grid with 336
spatial points and all temporal observations, for a total of 5040

observations. We then detrend the data using spatio-temporal
splines and consider the residuals as a realization from a zero
mean space-time Gaussian random field. We consider three
classes of covariance models:

A. Two models based on the adapted Gneiting classes as in The-
orem 1, which can be coupled with any of GC, CH, or MP.
Specifically, we used:

A.1 The model in Equation (8) witha = 2,y = 1/2,and § +
B/2=1;

A.2 The model in Equation (9) withe =2,7 =1/2,A =1,
andé + /2 =1;

B. Three models based on direct construction, hence valid with
GC only. Specifically:

B.1 The model in Equation (12);

B.2 The model in Equation (11) with & = 0.226;

B.3 The model in Equation (10) with & = 0.961.

To choose ¢, we first maximize the likelihood with respect
to all the parameters in Equations (11) and (10), respectively.
Then, we take the value of ¢, which maximizes the likelihood
and maximizes the likelihood again with respect to the other
parameters.

C. A model based on the Gneiting class valid using CH and MP
distances:

C.1 The model in eq. (16) in Gneiting (2002) is valid if cou-
pled with CH or MP (but not with GC), with v = 1.5,
o« = 1,and § + /2 = 1. This kind of model is a nonsep-
arable covariance with spatial margin of the Matérn type,
where we fix the smoothness parameter equal to 1.5.

We also tried other models, such as those coming from the
modified Gneiting class, but these were considerably outper-
formed by the ones proposed in this section. Thus, we do not
report the results concerning their constructions here.

For all of the selected models, we consider a space-time
nugget effect, to account for potential microscale effects. This
in turn induces discontinuities at the origin of the associated
covariance functions. For all the parametric families described
above, the parameters are estimated through maximum likeli-
hood techniques.

For all of the models we need to estimate four parameters:
in classes A and C, the variance (denoted o2), the spatial scale
(cs), the temporal scale (cr), and the nonseparability parameter
(B), whereas in class B, the variance (o2), the spatial scale (7),
the temporal scale (cr), and the temporal smoothing parameter
(o).

Table 5 summarizes our findings: for obvious reasons, we
only compare the performance (based on likelihood) in terms of
estimation for models based on the same distance. Such a com-
parison is mistakenly reported, for instance, in Jeong and Jun
(2015). In light of this, apparently the models based on direct
construction outperform the others coupled with GC distance
(especially model B.3). Among the models based on CH dis-
tance, clearly model C.1 outperforms the others. As a simple
diagnostic, models B.3 and C.1 are compared in Figure S4 (OS)
in terms of their fit to the marginal spatial and temporal empiri-
cal semivariograms. It seems that model B.3 offers a better fit to
the temporal empirical variogram, whereas the behaviors of the
spatial margins are very similar.
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Table 5. Parameter estimates for the TOMS data analyzed in Section 5 for covariance models A (with great circle (GC), chordal (CH), and map projection (MP) distances)
and for covariance models B (with great circle (GC) only) and for covariance models C (with great circle (CH) only).

Distance GC CH MP GC CH MP GC CH MP
Model Al A2 Cc1

I 7427 74393 73422 6813 6722 7333 - 450.8 475
G 2.54 2.54 217 176 1.67 171 - 1.56 129
B 1 1 0.95 1 1 1 - 0.95 0.89
o? 102.6 102.1 102.7 106.1 103.0 M4 - 97.9 985
Nugget 9.81 9.82 6.35 630 5.60 497 - 1226 572
Likelihood —17233.8 —17234.0 —17296.5 — 172571 — 172585 — 173173 - — 171563 —17223.9
Model B.1 B.2 B3

T 0.01 - - 144.09 - - 4.04 - -

- 51.05 - - 50.58 - - 36.85 - -

o 149 - - 1.49 - - 1.61 - -

o? 85.8 - - 86.0 - - 89.9 - -
Nugget 18.60 - - 18.54 - - 16.84 - -
Likelihood — 171683 - - —17167.9 - - —17162.8 - -

We also assess the prediction performance of the covariance
models proposed in our analysis, through predictive scores (see
Table S4 in OS). This allow us to (a) compare the predictive skills
of each estimated covariance model and (b) compare, when
allowable, for a fixed estimated covariance model, the impact on
prediction when using different distances. For the first goal, it
can be appreciated that the best models from a prediction point
of view are the models C.1 and the model B.3, followed by the
models B.1, B.2, and the models of the class A. In particular the
model C.1 based on the chordal distance slightly outperforms
the model B.3 based on direct construction. For the second goal,
the comparison is possible only for the covariance models in the
class A, and we see that, as expected from the simulation study,
there is not much difference in terms of prediction when com-
paring the predictive scores using GC or CH distances while the
use of the MP distances affects considerably the quality of the
prediction.

Summing up, a first conclusion is that all our models favor
a nonseparable structure over the sphere cross time. This is
directly highlighted by the value of the beta parameter in the
adapted Gneiting class, while models based on direct construc-
tion do not admit separability as special case. Second, the mod-
els based on direct construction outperform the models belong-
ing to the adapted Gneiting class in terms of prediction. Nev-
ertheless, the Gneiting model based on chordal distance, with
a Matérn spatial margin, slightly outperforms the other mod-
els. This might be explained by the fact that models based on
direct construction do not allow the smoothness of the under-
lying Gaussian field to be parameterized.

The analysis and the simulation study have been carried
out using an upcoming version of the R package CompRand-
Fld (Padoan and Bevilacqua 2015), avalaible at http://cran.r-
project.org/.

6. Discussion

In this article, we have proposed stationary covariance func-
tions for processes evolving temporally over the sphere, as well
as cross-covariance functions for multivariate random fields
defined over the sphere. We have illustrated several methods
of construction and provided closed-form expressions for both
cases. A simulation study assessed the discrepancy between
the great circle, chordal, and Euclidean from map projection

distances both in terms of estimation and prediction in a space-
time and a bivariate spatial settings, where the space is in this
case the Earth. The results highlight that when global data are
available, the choice of the chordal or the Euclidean distance
based on map projection can seriously affect the quality of the
estimation particularly when data are available for a large por-
tion of the Earth’s surface. In this sense, the classes of parametric
covariance models that are valid on the sphere presented in this
article are useful when working with space-time or multivari-
ate data. The predictions are less affected by the choice of dis-
tance, but the GC distance is nevertheless the most realistic from
a physics point of view. In particular, prediction results based on
GC and CH distances are very similar while the use of the MP
distance can affect the quality of the prediction. We have revis-
ited the analysis of TOMS data and investigated differences in
terms of estimation and prediction between great circle, chordal,
and Euclidean from map projection distance-based approaches.

The extension of our work to nonstationary models can
be tackled by using spatially adaptive parameters in the com-
pletely monotone function in Equation (4). One possibility is
to follow the lines of the proof proposed by Porcu, Mateu,
and Christakos (2010). An intriguing challenge is to extend
the approach by Jun and Stein (2008) to generate nonstation-
ary models on the sphere. Another possible generalization is
to make the anisotropic covariance models of Hitczenko and
Stein (2012) on the sphere functions of the great circle dis-
tance. Some challenges regarding the class llliT remain open.
One of them is to find the analog of Schoenberg’s representation
in terms of Gegenbauer polynomials for the elements of such
classes.

Supplementary Materials

The supplementary materials contain: Tables of completely
monotone and Bernstein functions; a realization of a space-time
Gaussian process with covariance from the adapted Gneiting
class; plots of space-time covariances from the direct construc-
tion; the results of the simulation study and the TOMS data in
terms of prediction; and all proofs of the results of the paper.
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