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Abstract
We construct a flexible class of parametric models for both traditional and pseudo variogram matrix (valued functions),
where the off-diagonal elements are the traditional cross variograms and pseudo cross variograms, respectively, and the
diagonal elements are the direct variograms, based on the method of latent dimensions and the linear model of coregionalization. The entries in the parametric variogram matrix allow for a smooth transition between boundedness and
unboundedness by changing the values of parameters, and thus between joint second-order and intrinsically stationary
vector random fields, or between multivariate geometric Gaussian processes and multivariate Brown–Resnick processes in
spatial extreme analysis.
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1 Introduction
The variogram (Matheron 1963) is a function that quantifies the degree of spatial dependence of a univariate random field. The variogram of a univariate random field,
ZðsÞ, s 2 Rd , d  1 is defined by the intrinsic stationarity
hypothesis, which consists of two assumptions about the
increments (Wackernagel 2003):
(1)

(2)

the mean of the increments, called the drift, is
invariant for any translation of a given vector
h 2 Rd :
EfZðs þ hÞ  ZðsÞg ¼ mðhÞ
for
all
d
s; h 2 R ;
the variance of the increments, varfZðs þ hÞ ZðsÞg,
exists for all s; h 2 Rd and is only a function of h for
all s; h 2 Rd .
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These two properties of an intrinsically stationary random
field yield the definition for the (non-centered) theoretical
variogram:
1
cðhÞ ¼ varfZðs þ hÞ  ZðsÞg; s; h 2 Rd :
2
In this paper, we focus on the case of random fields with no
drift, i.e., mðhÞ ¼ 0, which implies that the varih
i
ogram cðhÞ ¼ 12 E fZðs þ hÞ  ZðsÞg2 . The existence of
expectation and variance of the increments does not imply
the existence of the first two moments of the random field
itself: an intrinsically stationary random field can have an
infinite variance although the variance of its increments is
finite for any vector h. An intrinsically stationary random
field does not need to have a constant mean or a constant
variance. Hence, intrinsic stationarity is more general than
second-order stationarity. By definition, the variogram has
the following properties:
(a)
(b)
(c)
(d)

the value of the variogram at the origin is zero:
cð0Þ ¼ 0;
the values of the variogram are positive: cðhÞ  0;
the variogram is an even function: cðhÞ ¼ cðhÞ;
the variogram has less than quadratic growth:
cðhÞ
limkhk!1 khk
2 ¼ 0 (as otherwise the drift mðhÞ could

not be assumed zero);
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(e)

the variogram is conditionally negative definite:
Pn Pn
i¼1
j¼1 ai aj cðsi  sj Þ  0, for every integer n  2
and any ak 2 R; k ¼ 1; 2; . . .; n, such that
Pn
k¼1 ak ¼ 0.
The strict conditionally negative definiteness of the variogram is a sufficient condition for the system of linear
equations for kriging to have a unique solution (Myers
1992). Note that although cðhÞ ¼ 1  cosðhÞ is conditionally negative definite and bounded, it is not strictly conditionally negative definite.
A second-order stationary univariate random field can
only be characterized by a bounded variogram, whereas the
variogram of an intrinsically stationary random field might
be unbounded. In spatial extreme value analysis, the
Brown–Resnick processes on Rd , originally introduced by
Brown and Resnick (1977) and later extended by
Kabluchko et al. (2009), constitute a flexible class of maxstable random fields that depends only on the variogram of
an intrinsically stationary Gaussian process. The Brown–
Resnick process is non-ergodic if the underlying variogram
is bounded, while it is mixing if the variogram exhibits
linear growth, and it is a mixed moving maximum process
on the real line if the variogram cðhÞ; h 2 R, grows faster
than 4 log jhj (Kabluchko et al. 2009; Wang and Stoev
2010; Kabluchko and Schlather 2010). The Brown–Resnick processes are important in modeling extreme events of
natural phenomena such as large floods, heat waves or
windstorms. Non-ergodic models are suitable for modeling
spatially extended events (e.g., cyclonic rainfall), whereas
ergodicity can be assumed when the extremes are caused
by local events (e.g., storms). Most variogram models form
distinct classes that can only characterize either secondorder stationarity or strictly intrinsic stationarity of random
fields (e.g., Cressie 1991; Chilès and Delfiner 2012;
Wackernagel 2003; Porcu et al. 2007; Ma 2005, 2009;
Porcu and Schilling 2011), or that can characterize either
ergodic or non-ergodic Brown–Resnick processes (e.g.,
Thibaud et al. 2013; Wadsworth and Tawn 2013). When
the kind of underlying causative process is unclear, a
parametric model that allows for both bounded and
unbounded variograms is advantageous. Recently, Schlather and Moreva (2017) proposed a simple model that
allows for a smooth transition between a bounded and
unbounded variogram:
8
a b=a
< ð1 þ khk Þ  1
;
b 6¼ 0;
ca;b ðhÞ ¼
ð1Þ
2b=a  1
:
a
logð1 þ khk Þ= log 2;
b ¼ 0;
d

where h 2 R is the lag vector between two locations, and
0\a  2, 1\b\2. The variogram ca;b is bounded if
and only if b\0. The normalizing constant is chosen such
that ca;b ð1Þ ¼ 1.
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In this work, we aim at generalizing the univariate
variogram model in Schlather and Moreva (2017) to variogram matrices for vector random fields, preserving the
flexibility of varying between boundedness and unboundedness for the entries of the variogram matrix by changing
the values of parameters in the model. Consider a p-variate
random field ZðsÞ ¼ fZ1 ðsÞ; . . .; Zp ðsÞgT defined on Rd ,
where Zi ðsÞ; i ¼ 1; . . .; p is the ith component at location s.
The direct and (traditional) cross variograms (Matheron
1965), cij ðhÞ, are defined as the natural generalization of
the univariate variogram in the context of a joint intrinsic
hypothesis with no drift (Wackernagel 2003):
EfZi ðs þ hÞ  Zi ðsÞg ¼ 0
for all s; h 2 Rd and all i ¼ 1; . . .; p;
covfZi ðs þ hÞ  Zi ðsÞ; Zj ðs þ hÞ  Zj ðsÞg ¼ 2cij ðhÞ
for all s; h 2 Rd and any pairs i; j ¼ 1; . . .; p:
The direct and (traditional) cross variograms are thus
defined as
1
cij ðhÞ ¼ E½fZi ðs þ hÞ  Zi ðsÞgfZj ðs þ hÞ  Zj ðsÞg;
2
s; h 2 Rd ; i; j ¼ 1; . . .; p:
ð2Þ
These functions are even and they satisfy the inequalities
jcij ðhÞj2  cii ðhÞcjj ðhÞ;

h 2 Rd ; i; j ¼ 1; . . .; p:

ð3Þ

Thus, according to the property (d) of a univariate variogram, the (traditional) cross variogram also has less than
quadratic growth: limkhk!1

cij ðhÞ
khk2

¼ 0.

A disadvantage of the above definition is that the measurements must be situated at the same geographical
location when attempting to estimate/model cross variograms, in particular the ‘‘undersampled’’ problem wherein
there are locations with data values for only some of the
components. This motivates another definition of cross
variogram as proposed by Clark et al. (1989), and later
generalized by Myers (1991) who coined it as the ‘‘pseudo
cross variogram’’. According to Clark et al. (1989), the
non-symmetric cross variograms assuming zero-mean
random fields can be defined as
1
mij ðhÞ ¼ E½fZi ðs þ hÞ  Zj ðsÞg2 ; s;h 2 Rd ; i; j ¼ 1; ...;p:
2
ð4Þ
Myers (1991) observed that the equations in (4) are equal
to the variances of the differences only if the random fields
have constant and equal means. He therefore generalized
the definition for the direct and pseudo cross variograms as
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1
mij ðhÞ ¼ varfZi ðs þ hÞ  Zj ðsÞg; s; h 2 Rd ; i;j ¼ 1;.. .; p:
2
All entries of the pseudo variogram matrix are nonnegative,
while this matrix may not be symmetric or positive definite.
Myers (1982) and Wackernagel (1988) have been early
proponents of the cross variogram given by (2). Myers
(1991) showed how cokriging equations could be written in
terms of the pseudo cross variograms. The relationship and
differences between these two definitions of cross variograms as well as the cokriging equations have been fully
discussed in Myers (1991) and others (e.g., Cressie and
Wikle 1998; Wackernagel 2003; Huang et al. 2009; Genton and Kleiber 2015).
Under joint second-order stationarity, that is, all the
direct and cross covariance functions exist and depend on
the spatial lag h only, the traditional variogram matrix and
the cross covariance matrix are connected by (Wackernagel
2003)
1
cðhÞ ¼ Cð0Þ  fCðhÞ þ CðhÞg; h 2 Rd ;
2
where
cðhÞ ¼ ½cij ðhÞ,
Cð0Þ ¼ ½Cij ð0Þ ¼ ½covfZi ðsÞ;
Zj ðsÞg and CðhÞ ¼ ½Cij ðhÞ ¼ ½covfZi ðs þ hÞ; Zj ðsÞg.
Thus, under joint second-order stationarity, the entries in
the traditional variogram matrix are all bounded due to the
Cauchy-Schwarz inequality:
jCij ðhÞj2  Cii ð0ÞCjj ð0Þ;

h 2 Rd ; i; j ¼ 1; . . .; p:

ð5Þ

Similarly, the entries in a pseudo variogram matrix are all
bounded under joint second-order stationarity due to the
relationship (Wackernagel 2003):
1
mij ðhÞ ¼ fCii ð0Þ þ Cjj ð0Þg  Cij ðhÞ; h 2 Rd ; i; j ¼ 1; . . .; p:
2

Under joint intrinsic stationarity, however, the entries in
the variogram matrices might be unbounded. In the multivariate max-stable spatial processes (Genton et al.
2015b), the multivariate Brown–Resnick process (Molchanov and Stucki 2013) is the multivariate geometric
Gaussian process (Davison and Gholamrezaee 2012) if it is
joint second-order stationary. Thus, a variogram matrix
model with the direct and cross variograms that incorporate
both boundedness and unboundedness can be advantageous, for example, if it is unclear whether the multivariate
max-stable process is a multivariate geometric Gaussian or
a Brown–Resnick process.
Both types of variogram matrix must satisfy the
inequality
n X
n
X
aTi cðsi ; sj Þaj  0;
ð6Þ
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for every integer n  2 and any ak 2 Rp ; k ¼ 1; 2; . . .; n,
Pn
such that
k¼1 ak ¼ 0 (Ma 2011b). This reduces to the
conditionally negative definite condition for a univariate
variogram when p ¼ 1.
It is often nontrivial to verify the inequality (6). Based
on latent dimensions (Apanasovich and Genton 2010), an
approach to constructing a traditional variogram matrix
from existing univariate variograms was put forward by Ma
(2011a). The key idea of latent dimensions is to represent
components of a vector in Rd as points in Rq (1  q  p,
where p is the length of the vector). Then, based on these
latent dimensions, the direct and cross variograms become
functions with arguments from a higher dimension, Rdþq .
Specifically, suppose each of the components of a p-variate
random field ZðsÞ ¼ fZ1 ðsÞ; . . .; Zp ðsÞgT , s 2 Rd , can be
represented as
Zi ðsÞ ¼ Z0 ðs; hi Þ;

i ¼ 1; 2; . . .; p;

where fZ0 ðs; hÞ; s 2 Rd ; h 2 Rq g is a univariate random
field with variogram c0 . Then, the direct and cross variograms can be written as a linear combination of the c0 s.
Ma (2011a) used this approach to construct a class of
(traditional) variogram matrices (see his Theorems 4 and 5)
based on existing univariate variograms proposed by Ma
(2005).
In this paper, we propose a class of valid parametric
variogram matrices, both traditional and pseudo, that is a
combination and extension of the main results from Ma
(2011a) and Schlather and Moreva (2017), which are
connected by the Bernstein function. The entries of this
new class of variogram matrices allow for both bounded
and unbounded variograms or cross variograms by
changing the parameters in each entry independently.
The remainder of this paper is organized as follows.
Sections 2 and 3 present the parametric traditional and
pseudo variogram matrix, respectively. In Sect. 4, the
variogram matrix models for a bivariate random field are
presented as a special case, with a visuanimation (Genton
et al. 2015a) in the electronic supplementary material
showing the transition between the bounded and unbounded direct and cross variograms. In Sect. 5, we propose a
method for building parametric variogram matrices with
different diagonal entries based on the Linear Model of
Coregionalization (LMC), in order to overcome a limitation of the previous models. Section 6 gives a discussion, in
which the main results of this study are summarized and
both challenges and future works are discussed.

i¼1 j¼1
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2 Parametric traditional variogram matrix
models
In this section, we construct two types of valid traditional
variogram matrix with their entries varying between
boundedness and unboundedness.
Consider a joint intrinsically stationary p-variate random
field ZðsÞ ¼ fZ1 ðsÞ; . . .; Zp ðsÞgT defined on Rd , where
Zi ðsÞ; i ¼ 1; . . .; p is the ith component at location s. The
p  p traditional variogram matrix function is
1
0
c11 ðhÞ c12 ðhÞ    c1p ðhÞ
C
B
B c21 ðhÞ c22 ðhÞ    c2p ðhÞ C
C
B
;
cðhÞ ¼ B .
.. C
..
..
B ..
. C
.
.
A
@
cp1 ðhÞ cp2 ðhÞ    cpp ðhÞ
where h ¼ s1  s2 2 Rd . The diagonal entries are direct
variograms and the off-diagonal entries are the traditional
cross variograms defined in (2).
Next, since any continuous, isotropic univariate variogram cðhÞ in Rd can be written in terms of a Bernstein
function (Schoenberg 1938; Bochner 2005):
cðhÞ ¼ Bðkhk2 Þ;

h 2 Rd ;

where BðÞ is a Bernstein function on ½0; 1Þ with Bð0Þ ¼ 0,
we choose the variogram model in our Equation (1) from
Schlather and Moreva (2017) as the Bernstein function in
Theorem 4 of Ma (2011a) (i.e., Bðkhk2 Þ ¼ ca;b ðhÞ). The
traditional variogram matrix cðhÞ is then formulated as
follows.
Model 1 Suppose that 0\a  2; 1\b\2; 0\
a1 \a2 , and hij ¼ khi  hj k2 , where hi ; hj 2 Rq ; i; j ¼
1; . . .; p.
n
o1
(i) If 1  ða2 =a1 ÞðdþpÞ=2
 k  1, then a matrix with

cij ðhÞ ¼

logð2Þ

o1

If k 2 ½0; 1, then all the direct and cross variograms in the
traditional variogram matrix cðhÞ are univariate variograms.
n
o1
 k  ð1  a1 =a2 Þ1 , then
(ii) If 1  ða2 =a1 Þdþp
the traditional variogram matrix model for a p-variate random
field defined in Rd is the same as in (i) except that the power
of hij and khk2 þ hij in the formula is a=4 instead of a=2.
According to Theorem 4 of Ma (2011a), Model 1 is a
valid class of variogram matrices for vector random fields
because we choose a specific Bernstein function BðÞ. Also,
since BðÞ is the variogram model in Schlather and Moreva
(2017), the entries in the variogram matrix can vary
between boundedness and unboundedness. Specifically, the
direct and cross variograms cij ðhÞ; i; j ¼ 1; . . .; p are
bounded if and only if b\0.
If we choose the Bernstein functions from Theorem 5 of
Ma (2011a) as B1 ðkhk2 Þ ¼ ca1 ;b1 ðhÞ and B2 ðkhk2 Þ ¼
ca2 ;b2 ðhÞ, where 0\a1 ; a2 \2; 1\b1 ; b2 \2, then we
can formulate another class of valid traditional variogram
matrix as follows.
Model 2 Suppose that 0\a1 ; a2  2; 1\b1 \2;
1\b2 \2, and hij ¼ khi  hj k2 , where hi ; hj 2 Rq ; i;
j ¼ 1; . . .; p.
(1)

If b1 6¼ 0; b2 6¼ 0, then a matrix with the following
entries:
cij ðhÞ ¼

h


1 

cij ðhÞ ¼ 2b=a  1
k ½1 þ fa1 ðkhk2 þ hij Þga=2 b=a  f1 þ ða1 hij Þa=2 gb=a
þ ð1  kÞ ½1 þ fa2 ðkhk þ hij Þg



a=2 b=a

 f1 þ ða2 hij Þ

g

)


h 2 Rd ; i; j ¼ 1; . . .; p;

o
ð2b1 =a1  1Þð2b2 =a2  1Þ ;

(2)

is a valid traditional variogram matrix for a p-variate
random field defined in Rd . Again, all the diagonal
entries of the variogram matrix cðhÞ are the same.
If b1 ! 0; b2 6¼ 0, then
h
i
cij ðhÞ ¼ logf1þðkhk2 þhij Þa1 =4 g f1þðkhk2 þhij Þa2 =4 gb2 =a2 1
a =4
logð1þhij1 Þ

.n

n
o
a =4
ð1þhij2 Þb2 =a2 1

o
ð2b2 =a2 1Þlogð2Þ ;

h 2 Rd ; i;j ¼ 1;...;p:

(3)
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h 2 Rd ; i; j ¼ 1; . . .; p;

;

where b 6¼ 0, is a valid traditional variogram matrix for a
p-variate random field in Rd . Since hii ¼ 0; i ¼ 1; . . .; p, all
the diagonal elements of cðhÞ are the same:
c11 ðhÞ ¼    ¼ cpp ðhÞ. When b ! 0, the limiting function
is

ih
i
f1 þ ðkhk2 þ hij Þa1 =4 gb1 =a1  1 f1 þ ðkhk2 þ hij Þa2 =4 gb2 =a2  1

n
on
o
a =4
a =4
 ð1 þ hij1 Þb1 =a1  1 ð1 þ hij2 Þb2 =a2  1
.n

a=2 b=a



k log½1 þ fa1 ðkhk2 þ hij Þga=2   logf1 þ ða1 hij Þa=2 g

h 2 Rd ; i; j ¼ 1; . . .; p:

(

2

(

)


þ ð1  kÞ log½1 þ fa2 ðkhk2 þ hij Þga=2   logf1 þ ða2 hij Þa=2 g ;

the following entries:



n

If b2 ! 0; b1 6¼ 0, then

!
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cij ðhÞ ¼

i
f1 þ ðkhk2 þ hij Þa1 =4 gb1 =a1  1 logf1 þ ðkhk2 þ hij Þa2 =4 g

o
n
a =4
a =4
 ð1 þ hij1 Þb1 =a1  1 logð1 þ hij2 Þ
.n

ð2b1 =a1

!

o
 1Þ logð2Þ ;

h 2 Rd ; i; j ¼ 1; . . .; p:

(4)

If b1 ! 0; b2 ! 0, then
"

cij ðh ¼ logf1 þ ðkhk2 þ hij Þa1 =4 g logf1 þ ðkhk2 þ hij Þa2 =4 g
#
a =4

a =4

 logð1 þ hij1 Þ logð1 þ hij2 Þ
.n

logð2Þ

o2

;

d

h 2 R ; i; j ¼ 1; . . .; p:

According to Theorem 5 of Ma (2011a), Model 2 is a valid
class of variogram matrices for vector random fields
because we choose specific Bernstein functions B1 ðÞ and
B2 ðÞ. Also, since B1 ðÞ and B2 ðÞ are chosen to be the
variogram model in Schlather and Moreva (2017), the
entries in the variogram matrix can vary between boundedness and unboundedness. Specifically, the direct and
cross variograms cij ðhÞ; i; j ¼ 1; . . .; p are bounded if and
only if b1 \0 and b2 \0.

1
mij ðhÞ ¼ varfZ0 ðs þ h; hi Þ  Z0 ðs; hj Þg ¼ c0 ðh; hi ; hj Þ:
2
Hence, a pseudo variogram matrix can be formed by
directly inserting univariate variograms into its entries. For
example, if we use the valid univariate variograms proposed by Ma (2005), where the Bernstein functions are
chosen in the same way as described in Sect. 2, then we can
formulate a class of pseudo variogram matrix with entries
that brigde between bounded and unbounded direct or cross
variograms. Below, Model 3 is a class of pseudo variogram
matrix based on linear combinations of Bernstein functions, and Model 4 is another class of pseudo variogram
matrix based on the product of Bernstein functions.
Model 3
Suppose that 0\a1 \a2 ; 0\a  2;
1\b\2, and hij ¼ khi  hj k2 , where hi ; hj 2 Rq ; i;
j ¼ 1; . . .; p.
n
o1
(1) If 1  ða2 =a1 ÞðdþpÞ=2
 k  1, then a matrix
with the following entries:
(
mij ðhÞ ¼

mp1 ðhÞ

mp2 ðhÞ

Zi ðsÞ ¼ Z0 ðs; hi Þ; i ¼ 1; 2; . . .; p;

2

a=2 b=a

þ ð1  kÞ ½1 þ fa2 ðkhk þ hij Þg



)
 .

1
2b=a  1 ;

h 2 Rd ; i; j ¼ 1; . . .; p;

where h ¼ s1  s2 and b 6¼ 0, is a valid pseudo
variogram matrix for a p-variate random field defined
in Rd . Again, since hii ¼ 0; i ¼ 1; . . .; p, all the
diagonal entries of the variogram matrix mðhÞ are the
same. When b ! 0, the limiting function is
n
mij ðhÞ ¼ k log½1 þ fa1 ðkhk2 þ hij Þga=2 
o
þ ð1  kÞ log½1 þ fa2 ðkhk2 þ hij Þga=2  logð2Þ;
h 2 Rd ; i; j ¼ 1; . . .; p:
(2)

n
o1
If 1  ða2 =a1 Þdþp
 k  ð1  a1 =a2 Þ1 , then the
pseudo variogram matrix model for a p-variate
random field defined in Rd is the same as in (i)
except that the power of khk2 þ hij in the formula is
a=4 instead of a=2.

   mpp ðhÞ

where h ¼ s1  s2 2 Rd . The diagonal entries are direct
variograms and the off-diagonal entries are the pseudo
cross variograms defined in (4).
Following the idea of latent dimensions (Apanasovich
and Genton 2010; Ma 2011a), we suppose that



k ½1 þ fa1 ðkhk2 þ hij Þga=2 b=a  1


3 Parametric pseudo variogram matrix
models
In this section, we propose a class of valid pseudo variogram
matrix that are based on latent dimensions and allow for
boundedness and unboundedness in the entries of the matrix.
Consider the pseudo variogram matrix for a joint
intrinsically
stationary
p-variate
random
field
ZðsÞ ¼ fZ1 ðsÞ; . . .; Zp ðsÞgT , s 2 Rd :
1
0
m11 ðhÞ m12 ðhÞ    m1p ðhÞ
B m21 ðhÞ m22 ðhÞ    m2p ðhÞ C
C
B
C
mðhÞ ¼ B
.. C;
..
..
B ..
@ .
. A
.
.

1673

Model 4
Suppose that 0\a1 ; a2  2; 1\b1 \
2; 1\b2 \2, and hij ¼ khi  hj k2 , where hi ; hj 2
Rq ; i; j ¼ 1; . . .; p.
(1)

If b1 6¼ 0; b2 6¼ 0, then a matrix with the following
entries:

where fZ0 ðs; hÞ; s 2 Rd ; h 2 Rq g is a univariate random
field with variogram c0 . Then,
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(
mij ðhÞ ¼

h
i
f1 þ ðkhk2 þ hij Þa1 =4 gb1 =a1  1

h

2

 f1 þ ðkhk þ hij Þ

a2 =4 b2 =a2

g

1

i

4 The bivariate case

)

n
o
= ð2b1 =a1  1Þð2b2 =a2  1Þ ;
h 2 Rd ; i;j ¼ 1;.. .; p;

(2)

is a valid pseudo variogram matrix for a p-variate
random field defined in Rd . Again, all the diagonal
entries of the variogram matrix mðhÞ are the same.
If b1 ! 0; b2 6¼ 0, then
(
mij ðhÞ ¼

log½1 þ ðkhk2 þ hij Þa1 =4 
i
h
 f1 þ ðkhk2 þ hij Þa2 =4 gb2 =a2  1

)

n
o
= ð2b2 =a2  1Þ logð2Þ ;
h 2 Rd ; i; j ¼ 1; . . .; p:
(3)

If b2 ! 0; b1 6¼ 0, then
(
h
i
mij ðhÞ ¼
f1 þ ðkhk2 þ hij Þa1 =4 gb1 =a1  1
)
2

 log½1 þ ðkhk þ hij Þ
.n

a2 =4



o
ð2b1 =a1  1Þ logð2Þ ;

h 2 Rd ; i; j ¼ 1; . . .; p:
(4)

If b1 ! 0; b2 ! 0, then
n
mij ðhÞ ¼ log½1 þ ðkhk2 þ hij Þa1 =4 
 log½1 þ ðkhk2 þ hij Þa2 =4 
.n
o2
logð2Þ ;

o

h 2 Rd ; i; j ¼ 1; . . .; p:
Similar to Sect. 2, these models are valid pseudo variogram
matrices. Interestingly, the differences between the corresponding entries in the proposed traditional and pseudo
variogram matrix are constant with respect to h for any
fixed combinations of parameters, whether we compare
Model 1 to Model 3, or Model 2 to Model 4.
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To better understand how the variogram matrices proposed
in Sects. 2 and 3 allow for both bounded and unbounded
direct variograms or cross variograms in their entries, we
consider the bivariate case (i.e., p ¼ 2). It is straightforward to see that both the traditional and pseudo variogram
matrices are symmetric, and they share the same diagonal
entries, which are the direct variograms. Specifically, the
two kinds of variogram matrix for the bivariate random
field, ZðsÞ ¼ fZ1 ðsÞ; Z2 ðsÞgT , where s 2 Rd , are:

cðhÞ ¼

c11 ðhÞ
c21 ðhÞ


c12 ðhÞ
;
c22 ðhÞ


and

mðhÞ ¼

m11 ðhÞ
m21 ðhÞ


m12 ðhÞ
;
m22 ðhÞ

where h ¼ s1  s2 , and c11 ðhÞ ¼ c22 ðhÞ ¼ m11 ðhÞ ¼
m22 ðhÞ; c12 ðhÞ ¼ c21 ðhÞ; m12 ðhÞ ¼ m21 ðhÞ. In addition, the
difference between c12 ðhÞð¼ c21 ðhÞÞ and m12 ðhÞð¼ m21 ðhÞÞ
is a constant with respect to khk for any combinations of
parameters in the models.
Motivated by Genton et al. (2015a), we use visuanimation
to dynamically display how the direct and cross variograms,
as functions of khk, transit smoothly from boundedness to
unboundedness by changing the parameters in the model.
Movie 1 in the electronic supplementary material (if open
with Adobe Acrobat Reader) shows visuanimations of the
direct variograms, c11 ðhÞð¼ c22 ðhÞ ¼ m11 ðhÞ ¼ m22 ðhÞÞ, and
the cross variograms, c12 ðhÞ(=c21 ðhÞ) and m12 ðhÞ(=m21 ðhÞ),
from Models 1 and 3. Movie 2 shows the same from Models
2 and 4. We fix some of the parameters, a1 ¼ 1; a2 ¼ 2;
h12 ¼ h21 ¼ 1, and k ¼ 0:8, and change the values of a and
b according to a 2 f0:04; 0:136; . . .; 1:96g and b 2 f1:96;
1:862; . . .; 1:96g, which is the same setting as the one in
Schlather and Moreva (2017). We also present some
example plots here in Figs. 1 and 2. From the visuanimations
and the figures, we see that the direct and cross variograms
are bounded if and only if b\0 in Models 1 and 3 (Movie 1
and Fig. 1), or if and only if b1 \0 and b2 \0 in Models 2
and 4 (Movie 2 and Fig. 2). Because all of the entries are
univariate variograms in the traditional variogram matrix
(since k ¼ 0:8 2 ½0; 1) and in the pseudo variogram matrix,
the direct and cross variograms from the four models should
be less than quadratic growth, which can be seen from the
visuanimations and the figures.

5 Variogram matrix models with different
diagonal entries
One disadvantage of the models proposed in Sects. 2 and 3
is that the diagonal entries in the variogram matrix are the
same, that is, the variables Zi ðsÞ; i ¼ 1; . . .; p, all share the
same direct variogram, which is too restrictive in practice.
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Fig. 1 Examples of direct variograms (center), cross variograms (right) in the variogram matrix from Models 1 and 3, and the corresponding
parameter values (left)

In this section, we propose a method of constructing
parametric variogram matrices that possess different direct
variograms and can vary between boundedness and
unboundedness based on the linear model of coregionalization (LMC) (Journel and Huijbregts 1978).
The LMC represents a vector random field as a linear
combination of independent (or at least uncorrelated) univariate random fields. Specifically, we model the p-variate
random field ZðsÞ ¼ fZ1 ðsÞ; . . .; Zp ðsÞgT ; s 2 Rd , as
L
X
ð7Þ
Zi ðsÞ ¼
ail Wl ðsÞ; i ¼ 1; . . .; p;
l¼1

where Wl ðsÞ; l ¼ 1; . . .; L are independent univariate random fields defined on Rd . Then, the entries in the traditional variogram matrix cðhÞ are given by

1
cij ðhÞ ¼ covfZi ðs þ hÞ  Zi ðsÞ; Zj ðs þ hÞ  Zj ðsÞg
2
"
L
X
1
¼ cov
ail fWl ðs þ hÞ  Wl ðsÞg;
2
l¼1
#
L
X
ajl fWl ðs þ hÞ  Wl ðsÞg
l¼1

¼

L
X
l¼1

¼

L
X

ail ajl

1
varfWl ðs þ hÞ  Wl ðsÞg
2

ail ajl cl ðhÞ; s; h 2 Rd ;

i; j ¼ 1; . . .; p;

l¼1

where cl ðhÞ; l ¼ 1; . . .; L, is the univariate variogram of
Wl ðsÞ. The same results have been derived in Bourgault
and Marcotte (1991). Hence, the diagonal entries of the
variogram matrix cðhÞ are
cii ðhÞ ¼

L
X

a2il cl ðhÞ;

i; j ¼ 1; . . .; p;

l¼1

and can be varied by choosing different coefficients
ail ; i ¼ 1; . . .; p; l ¼ 1; . . .; L.
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b Fig. 2 Examples of direct variograms (center), cross variograms

(right) in the variogram matrix from Models 2 and 4, and the
corresponding parameter values (left)

By construction, a variogram matrix with the above
entries is valid. If we choose the univariate variogram
model (1) for Wl ðsÞ; l ¼ 1; . . .; L, that is, cal ;bl ðhÞ, where
0\al  2; 1\bl  2; l ¼ 1; . . .; L, then the direct and
cross variograms, cij ðhÞ; i; j ¼ 1; . . .; p, can vary between
boundedness and unboundedness by altering the appropriate parameters bl ; l ¼ 1; . . .; L and the coefficients
ail ; i ¼ 1; . . .; p; l ¼ 1; . . .; L. To illustrate this, we look at
the special case when p ¼ 2, that is, the bivariate case.
Consider a joint intrinsically stationary bivariate random
field ZðsÞ ¼ fZ1 ðsÞ; Z2 ðsÞgT ; s 2 Rd : Suppose that
Z1 ðsÞ ¼ a11 W1 ðsÞ þ a12 W2 ðsÞ;
Z2 ðsÞ ¼ a21 W1 ðsÞ þ a22 W3 ðsÞ;
where W1 ðsÞ; W2 ðsÞ and W3 ðsÞ are three independent
intrinsically stationary univariate random fields defined on
Rd . The traditional variogram matrix of the bivariate random field, ZðsÞ ¼ fZ1 ðsÞ; Z2 ðsÞgT ; s 2 Rd , is given by
"
#
a211 c1 ðhÞ þ a212 c2 ðhÞ
a11 a21 c1 ðhÞ
cðhÞ ¼
;
a21 a11 c1 ðhÞ
a221 c1 ðhÞ þ a222 c3 ðhÞ
where h ¼ s1  s2 , and c1 ðhÞ; c2 ðhÞ and c3 ðhÞ are the
univariate variograms of W1 ðsÞ; W2 ðsÞ and W3 ðsÞ,
respectively.
Then, we suppose that c1 ðhÞ; c2 ðhÞ and c3 ðhÞ are of the
form (1), and hence can vary between boundedness and
unboundedness. If c1 ; c2 and c3 are all bounded (i.e.,
b1 \0; b2 \0 and b3 \0), then all the direct and cross
variograms are bounded; similarly, if c1 ; c2 and c3 are all
unbounded (i.e., b1  0; b2  0 and b3  0), then all the
direct and cross variograms are unbounded. In two cases,
the cross variograms are bounded and one of the direct
variograms is unbounded: when c1 and c2 are bounded, c3
is unbounded, and a22 6¼ 0; and when c1 and c3 are bounded, c2 is unbounded, and a12 6¼ 0. On the other hand, the
direct variograms are unbounded and the cross variograms
are bounded when c1 is bounded, c2 and c3 are unbounded,
and a12 6¼ 0; a22 6¼ 0.
Therefore, this class of LMC-based bivariate variogram
matrix incorporates the following four situations:

 
 
 

B
B
U
U
B
B
U
B
;
;
;
;
B
B
U
U
B
U
B
U
where ‘‘B’’ stands for a bounded entry and ‘‘U’’ for an
unbounded entry.
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Recall that according to (3), the following situation
cannot exist:


B
U
:
U
B
Therefore, the only case that is not covered by our model is


B
U
:
U
U
Although this class of variogram matrix does not cover all
the cases where direct and cross variograms can vary
between boundedness and unboundedness, it is more flexible than Models 1 or 3 in the sense that the diagonal
entries in the variogram matrix can be different. Moreover,
the direct variograms can have different growth rate, which
are controlled by the parameters bl ; l ¼ 1; . . .; L and the
coefficients ail ; i ¼ 1; . . .; p; l ¼ 1; . . .; L.
Unfortunately, this LMC-based approach cannot be used
to construct a pseudo variogram matrix with different
diagonal entries. Under the assumption of (7), the entries in
the pseudo variogram matrix mðhÞ are
1
mij ðhÞ ¼ varfZi ðs þ hÞ  Zj ðsÞg
2 (
)
L
L
X
X
1
ail Wl ðs þ hÞ 
ajl Wl ðsÞ
¼ var
2
l¼1
l¼1
¼

L
X
1
varfail Wl ðs þ hÞ  ajl Wl ðsÞg;
2
l¼1

s; h 2 Rd ; i; j ¼ 1; . . .; p;
which cannot be expressed as functions of the univariate
variograms cl ðhÞ for Wl s.

6 Discussion
In this paper, we proposed several parametric models for
both the traditional and pseudo variogram matrices that can
span from joint second-order to intrinsic stationarity of a
vector random field. Our models generalized the univariate
variogram model in Schlather and Moreva (2017) to variogram matrices for vector random fields, which preserved
the flexibility of varying between boundedness and
unboundedness for the entries of the variogram matrix. In
addition, compared to other related similar work such as
Ma (2011a), we provided a simple and flexible class of
parametric variogram matrices, where the direct variograms in the diagonal entries and cross variograms in the
off-diagonal entries can vary between boundedness and
unboundedness by changing the values of parameters in the
model. Based on the method of latent dimension for constructing variogram matrices in Ma (2011a), each entry of
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our variogram matrix model is a linear combination of
univariate variograms on a higher dimension, each of these
univariate variograms is a linear combination of Bernstein
functions, and each of the Bernstein functions is chosen as
the univariate variogram model in Schlather and Moreva
(2017).
The variogram matrix model based on the method of
latent dimensions has a restriction that all the variables
share the same direct variogram. Hence, we proposed a
procedure based on the LMC for constructing a traditional
variogram matrix that has different direct variograms with
different degrees of boundedness and unboundedness, by
assigning the parameters in the univariate variogram
models and the coefficients in the linear combinations. This
class of variogram matrix, however, does not cover all the
cases where the direct and cross variograms can vary
between boundedness and unboundedness, and one case is
thus left as an open problem. An example of this case (i.e.,
the [B U;U U] case) is presented in Arroyo and Emery
(2017), and Maleki and Emery (2017) presented a similar
model corresponding to the [B B;B U] case. Moreover, the
LMC approach is not feasible for constructing pseudo
variogram matrices with different diagonal entries.
In Sect. 4, we presented a visuanimation that illustrated
our model allowing for bounded and unbounded direct and
cross variograms in the variogram matrix in the bivariate
case. In future work, it would be interesting to simulate a
bivariate random field and its corresponding direct and
cross variograms. Another use of such simulations where
we can transit smoothly from second-order to intrinsic
stationarity is to then evaluate methods developed under
second-order stationarity and see how they behave under
intrinsic stationarity. However, simulation of a vector
random field is difficult and time consuming when the field
is intrinsically stationary but not second-order stationary,
because the direct and cross variograms might be
unbounded and the cross-covariance matrix is not well
defined. Several exact and approximate simulation methods
have been proposed, for example, circulant embedding
(Stein 2002; Danudirdjo and Hirose 2011), spectral representations (Arroyo and Emery 2017) and turning bands
(Emery 2008). More recently, Moreva and Schlather
(2018) proposed extensions of the cut-off circulant
embedding approach for fast and exact simulation of univariate and bivariate Gaussian random fields. The readers
are referred to Chilès and Delfiner (2012), Lantuéjoul
(2002), Arroyo and Emery (2017) and the references
therein for more details. Another direction for study would
be to construct a pseudo variogram matrix with different
diagonal entries.
The models we developed in this work could be applied
for meteorological problems, such as in Schlather and
Tawn (2003). Specifically, the volume of rainfall and its
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spatial spread determine the degree of flooding at sites.
Different types of rainfall (such as local storms and
cyclonic rainfall) can occur at different locations or different time of the year at one location. As discussed in
Sect. 1, it is advantageous to use a model that incorporates
both bounded and unbounded variograms when the
underlying causative process is unclear. Our variogram
matrix models for vector random fields could be then used
to model multiple rainfall events in a year over a spatial
domain, and from the parameter estimates we could infer
the types of rainfall.
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