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Abstract

We develop a new method based on the Lq-likelihood to perform robust covariance
estimation on spatial data. We propose the maximum composite Lq-likelihood estimator
(MCLqE), which is obtained from a combination of the maximum Lq-likelihood and the
composite likelihood. In order to down-weight a single value at a spatial location, we
make use of the composite likelihood of the spatial data, which is in the form of the
product of the pairwise likelihood of all pairs of the observations. We apply the maximum
Lq-likelihood on each pair to form the MCLqE, which e↵ectively down-weights abnormal
observations in a spatial dataset and gives more robust covariance parameter estimation
results when the data are contaminated by outliers. We adapt the hyperparameter tuning
procedure developed for the MLqE to the new MCLqE framework. The robustness of the
MCLqE is further verified by both simulation studies and experiments on a precipitation
dataset from the US.

Keywords: composite likelihood · Gaussian random fields · maximum composite
Lq-likelihood estimator · robust statistics · spatial statistics
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1. Introduction

Statistical analysis of spatial data plays a crucial role in numerous scientific fields, includ-
ing environmental monitoring [1], climate modeling [2], epidemiology [3], geosciences [4, 5],
and remote sensing [6]. Spatial data are often characterized by spatial dependence, irreg-
ular sampling, and increasingly large volumes of observations due to advances in sensing
technologies and simulation models. Although many classical methods have proven e↵ec-
tive for spatial interpolation and prediction, their application to large datasets is hindered
by substantial computational costs and sensitivity to data contamination such as outliers
or measurement errors.
A primary computational challenge in spatial statistics arises from the dense covariance

matrices associated with Gaussian models, whose inversion requires O(n3) operations and
O(n2) memory, where n is the number of spatial locations. To address this, various approx-
imation methods have been developed, such as the tile low-rank approximation method
used in [7] and the mixed-precision method in [8].
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In addition to computational methods that focus on accelerating the computation itself
without changing the mathematical formulas, statistical methods that aim to find alterna-
tives to the large matrix operations involved have also been developed. Among them, the
composite likelihood approach [9] o↵ers a particularly attractive solution by decomposing
the full likelihood into products of lower-dimensional marginal or conditional likelihoods,
such as pairwise likelihoods. This dramatically reduces the computational burden and
makes inference feasible for datasets with a large number of spatial locations. Since then,
composite likelihood has inspired new developments in statistics, for instance, in multi-
variate data analysis [10] and in model selection [11] in high-dimensional data analysis.
An overview of the developments of composite likelihood methods can be found in [12].
In the context of spatial models, composite likelihood methods have been successfully

applied to Gaussian spatial fields, generalized linear spatial models, and spatial point
processes. For example, in [13, 14], it were applied the composite likelihood on binary
spatial data, while in [15, 16], it were developed new methods based on the composite
likelihood to perform parameter estimation and address spatial inhomogeneity for spatial
point processes. In [17],proposed a composite likelihood-based method to model spatially
correlated survival data and applied their method to e-Commerce data. In [18], it was
combined composite likelihood and Bayesian inference, and applied their method to model
spatial extremes. In [19, 20], it was demonstrated the e↵ectiveness of pairwise and blockwise
composite likelihoods for large-scale spatial prediction and parameter estimation, especially
when combined with parallel or distributed computing frameworks. However, a known
limitation of composite likelihood estimators is their sensitivity to outliers, which can
distort pairwise relationships and bias parameter estimation. This is especially problematic
in environmental and remote sensing applications, where anomalies are frequent.
In addition to the e�ciency of the computation, the composite likelihood method in [19]

also allows more flexibility when analysing spatial data. Instead of directly modeling spatial
data using a multivariate distribution, it decomposes the full likelihood into products of
pairwise likelihoods, making it possible to treat potential outliers in the dataset separately,
thus allowing more robustness. To enhance robustness in spatial data analysis when there
are outliers, the maximum Lq-likelihood estimation (MLqE) method [21, 22] can be used.
The MLqE modifies the conventional likelihood by re-weighting each contribution to a
power q 2 (0, 1], which systematically down-weights the influence of observations that
have low likelihood under the model, such as potential outliers. The resulting estimator
retains many desirable properties of the maximum likelihood estimator (MLE) under the
assumed model but is significantly more resistant to data contaminations.
This article focuses on integrating the pairwise composite likelihood framework with

the MLqE to develop a new type of robust estimator, named the maximum composite
Lq-likelihood estimator (MCLqE). This estimator is designed to be both computationally
scalable and robust to atypical observations in spatial datasets. In the MCLqE, the compos-
ite likelihood is modified by applying the Lq-transformation to each pairwise component,
therefore introducing a flexible robustness mechanism within a computationally e�cient
framework. The key distinction between the use of the MCLqE in this work and the MLqE
in [23] lies in the type of outliers being addressed: cell-wise and row-wise outliers. The
di↵erences between these two types of contamination have been extensively discussed in
recent works, such as [24, 25]. To be specific, in spatial statistics, a row-wise outlier refers to
an anomalous data vector observed across all spatial locations at a given time point, within
replicated realizations of the same spatial field. In contrast, a cell-wise outlier corresponds
to a single abnormal measurement at one spatial location and time point. In [23], it were
mainly considered row-wise outliers, while in this work, we focus on datasets contaminated
by cell-wise outliers. Consequently, we do not require replicated spatial datasets; instead,
we focus on handling individual abnormal values occurring within a single dataset.
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Before introducing the MCLqE for spatial data, we begin with a motivating example that
illustrates the handling of cell-wise outliers using the MLqE on time series data generated
from an autoregressive AR(1) model. We independently simulate 100 Gaussian time series
of length n = 400 from an AR(1) process with parameter ⇢ = 0.5, and estimate ⇢ for each
of the 100 time series using both the MLE and the MLqE (with the number of replicates
equal to one), where in this time series illustration the MLqE is applied to the Gaussian
conditional likelihood

Qn
t=2 f(Xt | Xt�1; ⇢) of the AR(1) model. As shown in Figure 1,

when there are no outliers, the MLE (that is, q = 1) produces more accurate estimates
than the MLqE for any q < 1.
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Figure 1. Boxplots (based on 100 simulations) of the MLE and MLqE estimation results with di↵erent values of q,
for Gaussian AR(1) data on n = 400 time points without outliers (top) and with 10% of outliers (bottom).

Next, to assess robustness, we introduce contamination by randomly selecting 10% of
the time points and multiplying their values by 3, thus creating cell-wise outliers. We
then repeat the estimation using both the MLE and the MLqE. The results presented in
Figure 1 show that the MLE becomes sensitive to these outliers and no longer provides
the most accurate estimates. In contrast, the MLqE with q = 0.75 demonstrates improved
robustness and delivers the most accurate estimation under contamination.
For spatial data, handling cell-wise outliers and performing robust estimation of covari-

ance is more complicated than for time series, thus we have to introduce the MCLqE
because the MLqE cannot be directly applied. Although the MCLqE cannot explicitly
target individual observations due to its composite (pairwise) structure, it still e↵ectively
down-weights outliers by reducing the influence of anomalous pairs, those in which one or
both observations deviate strongly from the model assumptions. This makes it particularly
well-suited for large spatial datasets with irregular structures and potential contamination,
such as gridded climate records, atmospheric monitoring data, or health surveillance data
subject to reporting errors.
The remainder of this article is organized as follows. In Section 2, we first introduce the

MLqE and the composite likelihood, and then define the MCLqE based on them. We also
investigate how to choose the hyperparameters in this section. In Section 3, simulation
studies are performed and compared the performance of the MCLqE with the MLE in
di↵erent settings, including clean and contaminated data. Some additional experimental
results can be found in Appendix A. Section 4 presents the application of the MCLqE
on a precipitation data set from the US, also compared to the MLE. Conclusions and
discussions about the use of the MCLqE on spatial data are presented in Section 5.
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2. Methodology

In this section, we present the MLqE, the composite likelihood framework, and the resulting
MCLqE, along with the procedure for selecting their hyperparameters.

2.1 Context

In this article, we use the definition of the MLqE in [23]. Let X1, . . . , Xn be an independent
identically distributed sample from a density f(x;✓0), where ✓0 2 ⇥ ⇢ Rp for some integer
p � 1. The MLqE of ✓0 is expressed as

e✓ = argmax✓2⇥

(
nX

i=1

�q(f(Xi;✓))

)
, 0 < q  1,

with

�q(u) =

8
><

>:

log(u), if q = 1;

u1�q
� 1

1� q
, otherwise.

Suppose Z is a realization of a zero-mean Gaussian random field with a Matérn covari-
ance function stated as

M(h;✓) =
�2

�(⌫)2⌫�1

✓
h

�

◆⌫

K⌫

✓
h

�

◆
, (2.1)

where h is the distance between spatial locations, ✓ = (�2,�, ⌫)>, and �2, � > 0, and
⌫ > 0 represent the variance, range, and smoothness parameters, respectively. Here, K⌫(·)
denotes the modified Bessel function of the second kind of order ⌫. The joint density of Z
is then expressed as

f(z;✓) =
1
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exp

✓
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2
z
>⌃�1

M(✓)z

◆
,

where⌃M(✓) is the n⇥n covariance matrix constructed from the Matérn functionM(h;✓)
based on the spatial locations.
In [23], the setting of replicated spatial data from a Gaussian random field was consid-

ered. Specifically, let {Zi, i = 1, . . . ,m} be m independent realizations of an identical zero-
mean Gaussian random field, observed at the same set of spatial locations s1, . . . , sn 2 Rd.
Then, the Lq-likelihood for estimating the parameter vector ✓ associated with the Matérn
covariance function presented in (2.1) is given by
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8
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otherwise.
(2.2)
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This Lq-likelihood expression aggregates the contribution of each realization of the Gaus-
sian random field. When certain realizations exhibit behavior that deviates from the ma-
jority, the MLqE can e↵ectively down-weight their influence, resulting in a more robust
parameter estimation. However, this robustness mechanism is only e↵ective when multiple
realizations are available in the dataset, and the outliers are entire realizations, rather than
individual observations.
In scenarios where only a single realization is available, and contamination occurs at spe-

cific spatial locations, such as in the case of cell-wise outliers, the Lq-likelihood formulation
stated in (2.2) fails to down-weight these anomalous observations. This is because the joint
likelihood does not decompose across individual locations. Consequently, the MLqE cannot
distinguish and reduce the influence of cell-wise outliers.
To overcome this limitation, we seek an alternative decomposition of the likelihood that

expresses it as a sum over individual or pairwise contributions, which allows us to apply
the MLqE at a finer resolution. This motivates the development of a composite likelihood
framework that enables robust estimation by targeting outliers at the level of individual
spatial observations.

2.2 Composite likelihood

Our approach in this work is to adapt the composite likelihood framework for spatial data
introduced in [19], and combine it with the MLqE method to achieve robust and e�cient
inference.
Let Z ⌘ {Z(si), i = 1, . . . , n} denote observations from a real-valued, stationary Gaus-

sian random field with constant and finite variance, where each si 2 R
2 represents a spatial

location. Thus, we assume n observations collected at locations s1, . . . , sn.
For each distinct pair of locations indexed by 1  i < j  n, define the di↵erence

Uij = Z(si)�Z(sj). Since the underlying field is Gaussian, each Uij is normally distributed
with mean zero and variance 2�ij , where �ij is the semivariogram between the two locations.
Then, the likelihood contribution from this pair is given by

`ij(✓) =
1

2
p

⇡�ij(✓)
exp

 
�

U2
ij

4�ij(✓)

!
, (2.3)

where ✓ denotes the parameters of the covariance function. In this work, we specifically
use the Matérn covariance function as described in (2.1). Let �ij(✓) = �(h;✓) denote the
semivariogram. The associated variogram is 2�(h;✓), which is related to the covariance
structure through

2�(h;✓) = Var
�
Z(si)� Z(sj)

�
, h = ksi � sjk.

We define the corresponding pairwise log-likelihood contribution (up to an additive con-
stant) as

lij(✓) = log(`ij(✓)) +
1

2
log(4⇡)

= �
1

2
log(�ij(✓))�

U2
ij

4�ij(✓)
. (2.4)
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This formulation allows us to approximate the full likelihood of the spatial observations
in the vector Z ⌘ {Z(s1), . . . , Z(sn)}> using the sum of the marginal log-likelihoods from
all distinct pairs. This leads to the composite log-likelihood expression formulated as

cl(✓) =
nX

i=1

nX

j>i

lij(✓) = �

nX

i=1

nX

j>i

 
1

2
log(�ij(✓)) +

U2
ij

4�ij(✓)

!
. (2.5)

Though the expression stated in (2.5) does not retain all the information contained in
the full likelihood, it o↵ers the flexibility to re-weight individual data points. This ability
to adjust the influence of specific observations during likelihood evaluation enables robust
parameter estimation. Another major advantage of this pairwise composite likelihood is
that it avoids computationally intensive operations, such as inversion or multiplication of
the full covariance matrix of the spatial data, which are often required for the full Gaussian
likelihood and become infeasible for large spatial datasets. Additionally, computational
e�ciency can be further enhanced by ignoring location pairs that are far apart. Specifically,
we introduce a weighted composite likelihood as

wcl(✓) =
nX

i=1

nX

j>i

lij(✓)wij , (2.6)

where wij = 1 if ksi � sjk  d, and wij = 0 otherwise. Here, d is a user-specified distance
threshold that controls the inclusion of pairwise terms. This localized approximation re-
tains the spatial structure while significantly reducing the computational burden, making
it particularly suitable for large-scale spatial data analysis.

2.3 MCLqE for Gaussian random fields

Based on the MLqE and the composite likelihood framework, we now introduce the
MCLqE.

Definition 2.1 Let Z = {Z(si), i = 1, . . . , n}, where si 2 R2, be a realization from
a stationary Gaussian random field with finite and constant variance, and a covariance
function parameterized by ✓. The MCLqE is defined as

e✓ = argmax✓2⇥

8
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and Uij , �ij , and wij for all pairs 1  i < j  n are defined as in (2.3) and (2.6).

Note that for q = 1, L1,ij(✓) coincides with the usual Gaussian pairwise log-likelihood
contribution, and the MCLqE with q = 1 yields the same estimator as the standard
maximum composite likelihood method —since lij(✓) in (2.4) di↵ers from L1,ij(✓) only by
an additive constant that does not depend on ✓.
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Unlike the MLqE, the MCLqE does not operate directly on individual observations, as
it is formulated based on the sum of likelihood contributions from all observation pairs.
Nevertheless, it still has robustness to outliers: pairwise di↵erences involving outlying ob-
servations tend to stand out among all pairwise combinations, thereby contributing less
to the overall likelihood. As a result, the MCLqE can reduce the influence of such outliers
and is expected to produce more robust parameter estimates compared to the standard
composite likelihood approach.

2.4 Choice of hyperparameters

Compared to [23], tuning the hyperparameters is a more challenging task in this work,
since we now have an additional hyperparameter, d, to select. As we will see from the
numerical results in Section 3, di↵erent values of q may lead to very di↵erent estimation
results when there are outliers in the dataset. In addition, the choice of the threshold d
has a significant impact on computational e�ciency. Therefore, it is essential to develop a
mechanism to choose both q and d appropriately.
For the threshold d, since smaller values of d lead to faster computation but may also

result in less accurate estimates, the goal is to find the smallest possible value of d without
incurring a substantial loss of accuracy. Here, we adopt the method in [19]. This method
makes use of the Godambe information Gn(✓; d) for the weighted composite likelihood
given in (2.6), which is stated as

Gn(✓; d) = Hn(✓; d)Jn(✓; d)
�1

Hn(✓; d)
>,

where
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wijwlk.

Here, � 0
ij(✓) denotes the derivative of �ij(✓) with respect to the parameter vector ✓. In

practice, directly evaluating the Godambe information is not feasible for large datasets, as
the computational complexity of Jn(✓; d) is O(n4). In [26], a window-based method was
proposed to approximate Jn(✓; d) by subsampling mn overlapping subsets of s1, . . . , sn,
denoted by S1, . . . , Smn . For each subset Sr, the corresponding composite score is defined
as

sr(✓) =
@

@✓

X

(i,j)2Sr
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Then, an estimator of the variability matrix is given by

bJn(✓; d) =
1

mn

mnX

r=1

sr(✓) sr(✓)
>.

Using this, we can estimate the Godambe information as

bGn(✓; d) = Hn(✓; d) bJn(✓; d)
�1

Hn(✓; d)
>,

and select the optimal value of d, denoted by d⇤, by

d⇤ = argmind2D

n
tr
⇣
bG
�1
n (✓⇤; d)

⌘o
,

where D is the set of all feasible values of d and ✓
⇤ is an initial estimator of ✓ (for exam-

ple, the MLE). The standard errors of the parameter estimates, or associated confidence
intervals for the MCLqE method, can also be computed by making use of the Godambe
information in a similar manner to [19], or by bootstrap-based methods.
For the hyperparameter q, we adapt the method in [23], which was inspired from [27].

The target is to find a sub-interval of (0, 1], within which all values of q lead to similar
parameter estimation results. We define an ordered grid q0 = 1 > q1 > · · · > qK > 0 for q,
and for each qk, 0  k  K, denote the corresponding MCLqE by

e✓qk =
�e✓1qk , . . . , e✓

p
qk

�>
,

where p is the dimension of ✓.
Also, define the corresponding vector of standardized estimates ⇣qk as

⇣qk =

 e✓1qk
C1

, . . . ,
e✓pqk
Cp

!>

.

Unlike [23] who used the asymptotic standard error to normalize the estimation re-
sults, here we instead use standardizing constants C1, . . . , Cp, because of computational
feasibility. Afterwards, we use the standardized quadratic variation (SQV) defines as
SQVqk = k⇣qk�1 � ⇣qkk/p, for each qk, with 1  k  K, and choose the optimal value q⇤

based on this quantity. The corresponding algorithm to choose both d⇤ and q⇤ is shown in
Algorithm 1. During the tuning of the hyperparameter q, the algorithm iteratively shrinks
the target interval until the interval becomes su�ciently small or the estimation results
obtained using the q values within the interval di↵er by less than a prescribed tolerance.
The optimal value q⇤ is then returned as the largest value of q in the final interval. It would
be ideal to tune both hyperparameters simultaneously so that they are optimally aligned
with each other. However, performing a joint search is too computationally expensive. For
this reason, we first select d, and then determine the best value of q conditional on the
chosen d. This sequential strategy places priority on ensuring the robustness of the MCLqE
while keeping the overall computational burden manageable. The constants ", L, C1, C2, C3

can be pragmatically selected, depending on how sensitive the estimation results are to
the choice of q. In the numerical experiments of this work, we set " = 0.01 and L = 0.06,
while the constants C1, C2, and C3 were chosen based on the MLE estimates of the data.
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3. Simulation experiments

In this section, we perform simulation studies on the MCLqE. We use the R [28] pack-
age geoR [29] to generate the spatial data, then tune the hyperparameters and estimate
the parameters using our implementation in R. The optimization algorithm we apply for
parameter estimation is BOBYQA [30], which is the same as the algorithm embedded in
ExaGeoStat [31]. The experiments are run on a Intel Xeon CPU with 48 cores.

3.1 Context

In the experiments, we generate single-replicate synthetic spatial data from a zero-mean
Gaussian random field with Matérn covariance matrix ⌃M parametrized by ✓, with n
locations in the unit square. In this section, we focus mainly on simulated datasets from
the Matérn covariance function with true parameters �2 = 1,� = 0.1, ⌫ = 0.5 (medium
dependence, rough realizations). Experiments using datasets generated from other settings
are shown in Appendix A. For the data used in Section 3.3, we generate the clean data
first and add noise to parts of the data afterwards. In the rest of this section, we show
the estimation results of the variance, range and smoothness parameters in each setting.
For all simulation experiments in this section, we tune the hyperparameters d and q using
Algorithm 1.

3.2 Clean data

We start with experiments that compare the performance of MCLqE with the ordinary
composite likelihood when there are no outliers in the simulated data.
In Figure 2, we present the experimental results for clean data. Each experiment is

repeated on 90 independently generated datasets, with the results summarized in boxplots.
In the second and third rows of this figure, we fix q = 1 and q = 0.9, respectively, and vary d.
In the third and fourth rows, we vary q with d = 0.3 and with d selected using Algorithm 1,
and compare these estimates with MLE results computed on the same datasets using
the same optimization method. The red horizontal lines indicate the true values of the
parameters, and the blue vertical lines mark the q or d values that yield the smallest mean
squared error (MSE).
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Figure 2. Boxplots (based on 90 simulations) of the MCLqE results with no outlier in the spatial data, generated
using the medium-rough setting of the Matérn covariance function with parameters �2 = 1,� = 0.1, ⌫ = 0.5 on
n = 400 locations. The red horizontal lines correspond to the true values of the parameters. The blue vertical lines
correspond to the value of q or d leading to the smallest MSE. The cases q = 1 correspond to ordinary composite
likelihood estimation results.

Because the composite likelihood does not fully capture the covariance structure and is
based on a reduced problem size, the estimation results are less stable here than in [23].
Nevertheless, as long as the value of q is not too small, the estimation results using the
MCLqE do not deviate much from the MLE results. In the first and second rows, where
q is fixed and d is varied, there is no clear pattern in how d a↵ects accuracy and the
impact appears minor. In the third row, where d = 0.3 and q is varied, the MCLqE does
not replicate the behavior of the MLqE, where q = 1 clearly gave the most unbiased and
stable results. Nevertheless, the MSE for both the variance and smoothness parameters is
still the smallest at q = 1, and for the range parameter q = 1 remains close to optimal,
which is consistent with our expectations for clean data. In the last row, where d is first
selected using Algorithm 1 and then q is varied, the estimates are slightly more accurate
than in the previous row, and it becomes clearer that q values equal to or near 1 produce
the best results.

3.3 Contaminated data

Next, we evaluate the performance of the MCLqE in the presence of outliers in the sim-
ulated data. For all results shown in Figure 3, the data are generated from a zero-mean
Gaussian random field with the Matérn covariance function, using parameters �2 = 1,
� = 0.1, and ⌫ = 0.5, over n = 400 spatial locations. Each experiment is repeated on 90
independently simulated datasets under the same settings, and the resulting estimates are
summarized in boxplots.
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Figure 3. Boxplots (based on 90 simulations) of the MCLqE results under varying levels of contamination in
the spatial data, generated using the medium-rough setting of the Matérn covariance function with parameters
�2 = 1,� = 0.1, ⌫ = 0.5 on n = 400 locations. Red horizontal lines indicate the true parameter values. Blue vertical
lines correspond to the value of q (fixed or selected) that yields the smallest MSE. The cases q = 1 correspond
to ordinary composite likelihood estimates. The label “sel.” indicates results obtained using q values selected by
Algorithm 1.

In each row of Figure 3, the same uncontaminated datasets are altered to produce varying
contamination levels, by randomly adding Gaussian noise from N(0, 4) or N(0, 9) to 10%
or 20% of the spatial locations. For all experiments, the distance cuto↵ parameter d is
selected using Algorithm 1, and in the final column of each plot, q is also chosen via the
same algorithm. For reference, the MLE results obtained using the same datasets and
optimization method are included for comparison.
From the plots, it is evident that when q is equal to or close to 1, the MCLqE produces

estimates that deviate considerably from the true parameter values. In contrast, the most
accurate estimates are generally obtained when q is between 0.6 and 0.8. These findings
demonstrate that the MCLqE can yield more robust parameter estimates in the presence
of data contamination, compared to both the ordinary MLE and composite likelihood
approaches. In addition, Figure 4 presents experimental results based on datasets simulated
under the same settings as in Figures 2 and 3, except that we set ⌫ = 1 instead of ⌫ = 0.5, so
that the realizations are smoother. From the first to the fifth row, the datasets correspond
respectively to clean data, data with 10% and 20% of locations contaminated by noise
from N(0, 4), and data with 10% and 20% of locations contaminated by noise from N(0, 9).
In all experiments, the parameter d is selected using Algorithm 1. The general patterns
are consistent with those observed in Figures 2 and 3, that is, for clean datasets, the MSE
of the range parameter is the smallest when q = 1, while the MSEs of the other two
parameters at q = 1 remain close to their minimum values.
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Figure 4. Boxplots (based on 90 simulations) of the MCLqE estimation results for spatial datasets generated under
the medium-smooth setting of the Matérn covariance function with parameters �2 = 1,� = 0.1, ⌫ = 1 on n = 400
locations. The values of q that we use here are 0.55, 0.6, 0.65, 0.7, 0.75, 0.8, 0.9, 1. The red horizontal lines correspond
to the true values of the parameters, and the blue vertical lines indicate the smallest MSE.

However, under data contamination, the use of q = 1 leads to substantial bias across
all experiments, while the most accurate estimates are obtained for q values between 0.6
and 0.8. These results confirm once again that the MCLqE provides robust parameter
estimation in the presence of contaminated spatial data.
Unlike the results in [23], the estimates based on selected values of q do not always

coincide with the smallest observed MSE, reflecting the greater variability of the compos-
ite likelihood relative to the full likelihood. Nevertheless, the selected-q estimates remain
substantially more accurate than those with q = 1, and are typically close to the optimal
MSE in each scenario.
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4. Precipitation data analysis

We revisit the US precipitation dataset introduced in [23], obtained from

https://www.image.ucar.edu/Data/US.monthly.met/USmonthlyMet.shtml.

We extract the data for each month separately, producing 12 sub-datasets, and this time
we focus on detecting and handling cell-wise outliers within single-month data. We select
observations from 1928 to 1997 at n = 621 stations that do not contain missing values
over the 70-year period to eliminate the influence of missing data on the analysis. The
monthly data are obtained by averaging the original hourly observations and then centered
throughout the whole spatial domain, which produces a smoothed dataset that is more
appropriately modeled using stationary Gaussian random fields. The spatial locations are
also normalized into the unit square. Similarly to the simulations, we estimate the variance,
range and smoothness parameters in the Matérn covariance function for the data, excluding
a nugget e↵ect.
In Table 1, we present several representative estimation results using the MLE and

MCLqE, as well as the original composite likelihood, applied to the May datasets from the
years 1942, 1948, 1953, and 1957. For the MCLqE, the hyperparameters d and q are selected
using Algorithm 1, with the initial grid for selecting q being set to 1, 0.8, 0.7, 0.6, 0.5,
L = 0.1 and " = 0.01. The results show that, for 1942 and 1948, the di↵erences between
the MLE and MCLqE estimates of the three parameters are relatively small, while for 1953
and 1957, the di↵erences are much more significant. This behavior might be explained by
Figure 5, where we present boxplots of these datasets and calculate the number of outlying
data points among each of these datasets, though these univariate boxplots for spatial data
are only indicative.

Table 1. The MLE and MCLqE results, as well as the estimation results using the original composite
likelihood (indicated by “MCLE” for maximum composite likelihood estimation in the table) of the US
precipitation data of May in several years. The MCLqE results are obtained with hyperparameters d and
q selected using Algorithm 1, and the selected values of q are listed in the last column of the table named
“Selected q”.

Method MLE MCLE MCLqE

Parameter b�2 b� b⌫ b�2 b� b⌫ b�2 b� b⌫ Selected q
Year

1942 22.272 0.016 0.057 23.969 0.025 0.029 18.838 0.034 0.037 0.80
1948 30.735 0.332 0.222 27.932 0.072 0.043 24.606 0.061 0.023 0.80
1953 41.998 0.055 0.210 38.069 0.044 0.239 21.755 0.056 0.022 0.75
1957 36.912 0.048 0.413 34.010 0.113 0.027 22.996 0.093 0.021 0.75

In the first row of Figure 5, the 1942 and 1948 datasets contain only 15 and 14 detected
outliers, respectively, and their magnitudes are not very large. In contrast, while the 1953
dataset in the second row does not contain many more outliers than the previous two
examples, we can see that several of these outliers are extreme deviations. The 1957 dataset
shows the most severe contamination, with more than twice as many outliers as in 1942
and 1948. Therefore, it is reasonable that the robust MCLqE is closer to the non-robust
MLE on the 1942 and 1948 datasets, as these two datasets are less contaminated, and the
MCLqE behaves more di↵erently from the MLE on more contaminated datasets.

https://www.image.ucar.edu/Data/US.monthly.met/USmonthlyMet.shtml
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Figure 5. Boxplots of the US precipitation data in May of the years 1942, 1948, 1953 and 1957. For each year, the
number of outliers detected among the 621 locations in total is shown below the corresponding boxplot.

5. Conclusions

To conclude, this work extends the application of the Lq-likelihood framework to spatial
data without replicates. As discussed in [23], a key limitation of the MLqE is that it is
only applicable for robust estimation when multiple replicates of spatial data are available,
treating entire replicates as potential outliers. To address this issue, we introduced the
MCLqE, which integrates MLqE with the composite likelihood approach. This combination
allows the Lq-likelihood of the spatial random field to be decomposed into the sum of the
Lq-likelihoods of pairs of the spatial locations, allowing robust estimation in the presence of
cell-wise outliers, even when no replicates are available. As a result, the proposed method
substantially broadens the applicability of robust estimation techniques in spatial statistics.
Through both simulation studies and real-world data experiments, we have shown that

MCLqE consistently outperforms both the MLE and the original composite likelihood
approach when outliers are present in spatial data without replicates. On clean data (Fig-
ure 2), the MCLqE estimates with not-too-small values of q remain not too far from those
of the MLE, indicating no substantial loss of e�ciency. Under contamination (Figure 3),
and with suitable choices of q, the MCLqE delivers parameter estimates with relatively
low bias and high e�ciency compared to the MLE and composite likelihood. Furthermore,
the method is computationally more e�cient as it avoids the costly matrix operations
typically associated with likelihood-based spatial estimation, which is a crucial advantage
for large-scale spatial analyses.
There are several possible extensions to the methodology presented in this work. For

instance, we have not yet incorporated the nugget e↵ect into the model. With minor mod-
ifications to the existing code, it would be feasible to estimate the nugget e↵ect alongside
the three parameters of the Matérn covariance function considered here.
Additionally, the hyperparameter tuning strategy employed in this work may not be

optimal. Although it is already capable of suggesting suitable values of q that lead to
much less biased estimation results than the MLE, it is neither as computationally e�cient
nor as accurate compared to the approach in [23], partly due to the increased complexity
of simultaneously tuning both d and q. Developing more e↵ective tuning procedures is a
worthwhile direction for future research.
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Appendix A. Supplementary experimental results

In the main text of this article, we mainly presented simulation experiments using spatial
datasets under the medium-rough and medium-smooth settings, where the true parame-
ters are �2 = 1,� = 0.1, and ⌫ = 0.5 (rough) or ⌫ = 1 (smooth). In Figure A1 to A4,
we present additional experimental results using simulated spatial datasets in other set-
tings. We consider the cases with parameter � = 0.03, 0.1, 0.3, which we refer to as weak,
medium, and strong correlation, respectively, and ⌫ = 0.5, 1, which we refer to as rough
and smooth field, respectively. For all the experimental results shown here, we set the
number of locations to n = 400, and we repeat the experiment 90 times to make the box-
plots. The values of d used in the experiments are selected using Algorithm 1, and various
values of q are used for comparison. The findings from these additional experiments are
consistent with those presented in the main text. For clean datasets, the optimal choice of
q is typically 1 or close to 1, while for contaminated datasets, setting q = 1 consistently
results in large bias, and the most accurate estimates are generally obtained with smaller
values of q. These results further demonstrate that the robustness of the MCLqE is not
confined to a specific experimental configuration, but rather reflects a general and reliable
property of the proposed estimation framework across various scenarios.

https://github.com/Sihan96/MCLqE
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Figure A1. Boxplots (based on 90 simulations) of the MCLqE estimation results for spatial datasets generated
under the weak-rough setting of the Matérn covariance function with parameters �2 = 1,� = 0.03, ⌫ = 0.5. The
values of q that we use here are 0.55, 0.6, 0.65, 0.7, 0.75, 0.8, 0.9, 1. The red horizontal lines correspond to the true
values of the parameters, and the blue vertical lines indicate the smallest MSE.
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Figure A2. Boxplots (based on 90 simulations) of the MCLqE estimation results for spatial datasets generated
under the strong-rough setting of the Matérn covariance function with parameters �2 = 1,� = 0.3, ⌫ = 0.5. The
values of q that we use here are 0.55, 0.6, 0.65, 0.7, 0.75, 0.8, 0.9, 1. The red horizontal lines correspond to the true
values of the parameters, and the blue vertical lines indicate the smallest MSE.
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Figure A3. Boxplots (based on 90 simulations) of the MCLqE estimation results for spatial datasets generated
under the weak-smooth setting of the Matérn covariance function with parameters �2 = 1,� = 0.03, ⌫ = 1. The
values of q that we use here are 0.55, 0.6, 0.65, 0.7, 0.75, 0.8, 0.9, 1. The red horizontal lines correspond to the true
values of the parameters, and the blue vertical lines indicate the smallest MSE.
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Figure A4. Boxplots (based on 90 simulations) of the MCLqE estimation results for spatial datasets generated
under the strong-smooth setting of the Matérn covariance function with parameters �2 = 1,� = 0.3, ⌫ = 1. The
values of q that we use here are 0.55, 0.6, 0.65, 0.7, 0.75, 0.8, 0.9, 1. The red horizontal lines correspond to the true
values of the parameters, and the blue vertical lines indicate the smallest MSE.
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