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It is a great pleasure to contribute to the discussion of the paper Exploratory Func-
tional Data Analysis, which provides a useful overview of recent methods in functional
data analysis (FDA), emphasizing data visualization to better understand key analytical
aspects that arise when extracting meaningful insights from the data. As a culmina-
tion of the review of available options in the literature, the implementation of these
methods in the R package EFDA is particularly relevant, as it will be highly useful for
the scientific community.

Given the wide range of application fields where data can be modeled as functional
data (both univariate and multivariate), I fully agree with the authors on the impor-
tance of promoting, improving, and innovating in all aspects related to visualization,
representation, and preliminary exploration of the data.

In my view, one of the key ideas emerging from the paper is how research in FDA
has promoted the ordering of functional data to enable a subsequent representation
that naturally highlights features such as outliers, while also emulating, in a some-
what parallel manner, typical statistical techniques available in R” (e.g., clustering
and supervised classification). This ordering, as is well known, is not unique and
has given rise to various definitions of depth for functional data, which seek to rank
the observations from the center outwards. These definitions of depths facilitate the
visualization of central regions versus extreme observations.

I would like to complement the review presented in the paper by discussing local-
oriented depths as an alternative to the more commonly used global-oriented depths.
The main difference is that while the global approach implies that the depth of an
observation depends equally on all other observations, the local approach makes the
depth of an observation more dependent on nearby observations than on those further
away. Two examples of these local depth measures are the h-modal depth (HMD,
Cuevas et al. 2006) and the kernelized functional spatial depth (KFSD, Sguera et al.
2014). Local depth has been shown to be particularly useful for analyzing functional
samples with structures that deviate from unimodality or symmetry, especially in the
context of outlier detection (Sguera et al. 2016).
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As evidenced in the paper, a significant amount of work in FDA has focused on
both providing depth definitions that capture the topology of the data and enhancing
their use as tools for detecting outliers, supervised classification, or clustering. In
this sense, another interesting approach to data visualization is the ordering provided
by other indices that try to mimic the natural ordering in R and are based on the
geometric concepts of the epigraph and hypograph of a function. The definition of
the epigraph and hypograph indices associated with a set of functional data (Franco-
Pereiraetal. 2011) is inspired by the Band Depth (L6épez-Pintado and Romo 2009), and
the combined use of these two indices allowed an alternative box—plot for functional
data (Martin-Barragan et al. 2016) to that of Sun and Genton (2011).

On the other hand, the combination of these indices, along with those associated
with the first and second derivatives of the functional data, enables: (1) a visualization
of functional data in a multivariate space, (2) the application of multivariate inferential
techniques (hypothesis testing, outlier detection, clustering) based on both statistical
methodologies and machine learning approaches, and (3) an algorithmic implemen-
tation with relatively low computational times. Some examples of this alternative to
the use of depth measures include Franco-Pereira and Lillo (2020) and Pulido et al.
(2023). As a corollary of this idea, it is worth mentioning that these indices also allow
for an adapted version for multivariate functional data (Ieva and Paganoni 2020; Pulido
et al. 2024).

1 Future perspectives

The rapid advancement in sensor technology across diverse fields such as neuroscience
and sports now allows us to obtain vast amounts of functional data (Big Functional
Data and Hig-Dimensional Functional Data), which are challenging to process, among
other reasons, due to the computational constraints of algorithms originally developed
for smaller functional datasets. The scientific community in the field of functional
data must address these situations by providing imaginative and, above all, efficient
solutions. An initiative in this regard, arising from a real-world problem in social
networks (Azcorra et al. 2018), suggests that the use of indices related to functional
data with a geometric interpretation based on the classic Pearson correlation enables
data visualization. Moreover, these indices enable the ordering of data to detect outliers
in terms of magnitude, shape, or amplitude in a scalable manner, even when dealing
with millions of functional data (Ojo et al. 2022). Additionally, they allow for an
adapted version for multivariate functional data, where random projections play a
significant role (Ojo et al. 2023).

Another interesting area requiring further research, both in terms of visualization
and analysis, is the application of FDA in engineering (Yildirim et al. 2025), where
the ability to capture data from sensors once again presents a valuable opportunity for
research in functional data analysis. Specifically, there are problems related to survival
analysis and predictive maintenance, where the nature of the data suggests modeling
them as functional data with variable domains. Although some studies have already
addressed these situations by recording curves in the interval [0,1] (Aguilera-Morillo
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et al. 2019), adapting concepts such as MPCA (Happ and Greven 2018) represents a
promising starting point in this field.

Finally, I would like to mention a topic that is not only relevant in FDA but also in
statistics in general: the development of techniques to determine the optimal number
of clusters in a clustering exercise. Most references in this field assume a predefined
number of clusters, and there is a lack of studies specifically focused on finding the
optimal number of clusters for functional data.

To conclude, I would like to congratulate the authors (Zhuo, Wenlin, Carolina,
Ying, and Marc) for the excellent work done in this invited paper, and I encourage
them to continue contributing with their efforts to make FDA research more visible
and, above all, to make the methodology accessible for its potential, multiple, and
exciting applications.
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