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 A B S T R A C T

In this work, we propose an integrated depth for functional data defined on non-convex 
multidimensional supports. Using an appropriate Voronoi tessellation of the support, the 
proposed method enables the analysis of functional data that are irregularly or only partially 
observed over the domain, with missing observations over large portions of the support. The 
proposed depth is consistent and inherits the statistical properties of integrated functional 
depths for one-dimensional supports. Through extensive simulation studies, we show that the 
proposed method outperforms classical approaches. Finally, we apply the proposed depth to 
environmental data measured on multidimensional supports. In particular, we analyze air 
temperatures over the Earth’s surface from the CESM2 Large Ensemble Community Project 
and lake surface water temperatures over Lake Victoria from the ARC-Lake database. The first 
application involves irregularly spaced measurements, while the second illustrates the partially 
observed setting, highlighting the advantages of the proposed depth.

. Introduction

In this work, we propose a depth measure for functional data defined on complex multidimensional supports, such as irregular, 
on-convex or curved domains. In recent decades, advances in measurement technology have generated massive amounts of 
unctional data on multidimensional domains. In the environmental sciences, satellite platforms provide global fields of key 
ceanographic and atmospheric indicators over the Earth’s surface (see, e.g., Copernicus Programme, 2014; JPL MUR MEaSUREs 
roject, 2015), as well as over specific regions such as lakes and other water bodies (see, e.g., the ARC-Lake database; MacCallum 
nd Merchant, 2011). In the life sciences, advanced medical imaging provides biological signals measured on the surface of, or 
ithin, organs and other anatomical structures (see, e.g., Ombao et al., 2016; Arnone et al., 2023). In many cases, the support on 
hich these signals are observed is not only multidimensional, but may also exhibit complex geometries.
One of the main challenges in the analysis of such functional data is the lack of a natural ordering, especially when observations 

ie on multidimensional, non-convex supports. This hinders the definition of location and dispersion indices such as medians and 
uartiles, limiting the use of tools ranging from boxplots to nonparametric tests and classification rules. A natural way to address 
his issue is through statistical depth notions.
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Fig. 1. Earth surface temperatures from the CESM2-LENS2 project. Left panel: measurement locations. Middle and right panels: annual mean 
temperatures (◦C) in 1850 and 2014, respectively.

In recent decades, the concept of statistical depth, originally introduced for ordering multivariate data by the seminal work 
of Tukey (1975), has been extended to the functional setting. Fraiman and Muniz (2001) proposed the integrated functional 
depth, obtained by integrating a univariate depth over the domain. Projection-based depths were studied by Cuevas et al. (2007), 
while López-Pintado and Romo (2009) introduced the band depth and its modified version, and López-Pintado and Romo (2011) 
generalized the multivariate halfspace depth through the half-region depth and its modification. Other proposals include the infimal 
depth (Mosler, 2013), the extremal depth (Narisetty and Nair, 2016), and the functional spatial depth (Serfling and Wijesuriya, 
2017). Extensions to vector-valued functional data were developed by Ieva and Paganoni (2013) and Claeskens et al. (2014). A 
substantial body of work has investigated the mathematical foundations of functional depth and established an axiomatic framework 
(see, e.g., Chakraborty and Chaudhuri, 2014; Nieto-Reyes and Battey, 2016; Nagy et al., 2016b,a; Gijbels and Nagy, 2017). In 
parallel, depth-based methods have been applied to a broad range of statistical problems, including classification, clustering (López-
Pintado and Romo, 2006; Li et al., 2012), and graphical tools such as functional boxplots and related visualization techniques (see, 
e.g., Hyndman and Shang, 2010; Sun and Genton, 2011, 2012; Arribas-Gil and Romo, 2014; Genton et al., 2014; Dai and Genton, 
2019; Ieva and Paganoni, 2020). A recent review is provided by Qu et al. (2025).

Despite this broad literature, most functional depth notions are designed for continuously observed data on one-dimensional 
domains, while considerably less attention has been devoted to discretely observed functional data on multidimensional supports. 
Extensions to regular two-dimensional grids were proposed by Genton et al. (2014), who introduced the surface boxplot based on 
a volume depth for images, and by López-Pintado and Wrobel (2017), who developed robust nonparametric tests for comparing 
image groups using a generalized band depth. These approaches require all observations to be collected on a common regular 
grid, as in image data, to enable pointwise comparisons and depth computations. This assumption is often unrealistic. For example, 
environmental data are frequently recorded on irregular spatial grids that may differ across statistical units. A common workaround 
is to smooth each unit prior to depth computation, but this may introduce several drawbacks. Results can be highly sensitive 
to the choice of smoothing parameters, which are typically not selected for depth-based analyses, and smoothing can become 
computationally demanding in large-scale settings. Moreover, it is problematic when data are only partially observed, with no 
measurements available over large portions of the domain (see, e.g., James and Hastie, 2001; Delaigle and Hall, 2013; Kneip and 
Liebl, 2020; Lin et al., 2021). Recent contributions have addressed sparse or partially observed functional data. Sguera and López-
Pintado (2021) introduced a depth for sparsely observed curves, Qu and Genton (2022) proposed the sparse functional boxplot, and 
Elías et al. (2023) defined a depth for partially observed functional data. However, all these contributions focus on one-dimensional 
domains.

In this work, we introduce a depth for functional data defined on multidimensional supports, allowing for irregular and partial 
observation on the support. Building on Elías et al. (2023), we extend the integrated functional depth to data on multidimensional 
and geometrically complex domains. The proposed methodology relies on a Voronoi tessellation of the support (see, e.g., De Berg, 
2000), exploiting its domain decomposition properties to obtain an effective discretization of the depth problem. We establish the 
main theoretical properties of the proposed depth and assess its performance through extensive simulation studies. Finally, we 
illustrate the methodology with two environmental applications. First, we analyze annual mean Earth surface temperatures using 
simulations from the CESM2 Large Ensemble Project (Rodgers et al., 2021), focusing on global surface temperature as a key climate 
change indicator. The data are provided on a latitude–longitude grid that is regular in geographic coordinates but irregular on the 
sphere, with denser sampling near the poles and sparser coverage near the equator (see Fig.  1). Second, we study lake surface water 
temperature in Lake Victoria, measured by satellite and available in the ARC-Lake database (MacCallum and Merchant, 2011), where 
observations are incomplete due to measurement limitations. The proposed methodology accommodates such irregular and partially 
observed data without requiring reconstruction. The implementation is based on the R/C++ library fdaPDE (Arnone et al., 2025).

The remainder of the paper is organized as follows. Section 2 reviews integrated functional depth and Voronoi tessellations. 
Section 3 introduces the proposed depth for both fully and partially observed data. Section 4 presents its theoretical properties. 
2 
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Section 5 reports simulation studies, while Sections 6 and 7 describe the two applications. Section 8 concludes and outlines future 
research directions. Technical definitions and assumptions from the literature, together with additional simulations, are reported in 
the Supplementary Material.

2. Framework and definitions

We consider functional data defined on a compact multidimensional support. In particular, the support 𝑆 may be a (possibly 
non-convex) domain in R𝑑 , with 𝑑 ∈ 1, 2, 3, or a two-dimensional Riemannian manifold embedded in R3, as in the application to 
Earth surface temperatures. We next recall the main definitions and extend them to multidimensional supports. Section 2.1 reviews 
the population formulation of integrated depth, together with its finite-sample counterpart. Section 2.2 recalls the definition of 
Voronoi tessellations, which will be used in Section 3 to develop an estimation procedure for discretely observed functional data.

2.1. Integrated Functional Depth for multidimensional supports

The Integrated Functional Depth (IFD), originally introduced by Fraiman and Muniz (2001) for one-dimensional supports, can 
be naturally extended to functional data defined on non-convex multidimensional supports. By integrating a pointwise depth on the 
domain, it naturally accounts for the geometry of the support.

Let 𝛤  denote the collection of all probability measures on (R,(R)), where (R) is the Borel 𝜎-algebra on R. Let also 𝐷 ∶ R×𝛤 →
[0, 1] be a univariate depth satisfying properties D1–D7 of Nagy et al. (2016b). These are standard desirable properties satisfied by 
many commonly used univariate depths, including the Simplicial Depth (Liu, 1990) employed in Section 5. For completeness, the 
properties are reported in Section S1 of the Supplementary Material. Consider a stochastic process 𝑋 ∶ 𝑆 → R, with law 𝑃 , and 
denote by 𝑃𝒔, for 𝒔 ∈ 𝑆, the marginal distribution for 𝑋(𝒔). We assume 𝑋 ∈ (𝑆), where (𝑆) is the space of continuous functions 
over 𝑆. We here focus on a generalization of the IFD that involves a weight, as introduced by Claeskens et al. (2014). We point out 
that for specific choices of the univariate depth integrand 𝐷, this weighted depth includes as special cases the Modified Band Depth 
(López-Pintado and Romo, 2009), the Modified Epigraph Depth and the Modified Hypograph Depth (López-Pintado and Romo, 
2011). Specifically, let 𝑤 ∶ 𝑆 → R+ be a positive weight function such that ∫𝑆 𝑤(𝒔)d𝒔 = 1 with respect to the Lebesgue measure. 
In this manuscript, the weight 𝑤 is used in Section 3.1 to handle partially observed functional data. More generally, however, it 
can incorporate prior information on the phenomenon of interest by reweighting univariate depths over different portions of the 
support 𝑆. As an example, one may consider a step weight assigning a higher weight to either sea or land areas in environmental 
applications; see Claeskens et al. (2014) for admissible choices. The Integrated Functional Depth of 𝑥 ∈ (𝑆) with respect to 𝑃  is 
defined as 

IFD(𝑥, 𝑃 ) = ∫𝑆
𝐷(𝑥(𝒔), 𝑃𝒔)𝑤(𝒔)d𝒔. (1)

In practice, the law 𝑃  of the stochastic process 𝑋 is unknown and must be estimated from data. Let 𝑋1,… , 𝑋𝑛 be 𝑛
i.i.d. realizations of 𝑋. Denote by 𝑃𝑛 the corresponding empirical distribution, which assigns equal weight to each functional datum, 
and by 𝑃𝒔,𝑛 the empirical distribution of the observed univariate sample at 𝒔, {𝑋𝑖(𝒔)}𝑖∈{1,…,𝑛}. By replacing 𝑃  and 𝑃𝒔 in Eq.  (1) with 
𝑃𝑛 and 𝑃𝒔,𝑛, respectively, we obtain the sample version of the IFD, denoted by IFD𝑛(𝑥), given by 

IFD𝑛(𝑥) = IFD(𝑥, 𝑃𝑛) = ∫𝑆
𝐷(𝑥(𝒔), 𝑃𝒔,𝑛)𝑤(𝒔)d𝒔. (2)

The definition of IFD𝑛 in Eq.  (2) assumes that the functional data are observed continuously at any point 𝒔 ∈ 𝑆. In practice, 
however, functional data are observed on a discrete set of locations and are often corrupted by noise. Therefore, the integral in Eq. 
(2) must be approximated using discrete and noisy realizations of the data, possibly measured on different observation grids across 
statistical units. In the literature on functional data defined over one-dimensional supports, the integral in Eq.  (2) is often replaced 
by a discrete sum over the available locations, implicitly assuming that the observation grid is common across statistical units and 
evenly spaced (see, e.g., Claeskens et al., 2014; Nagy et al., 2016b). Genton et al. (2014) and López-Pintado and Wrobel (2017) 
consider functional data defined over regular multidimensional supports, also assuming that the data are measured on a common 
regular grid. However, when observations are unevenly distributed over the support, this approach may substantially overweight, in 
the depth computation, those regions where measurements are denser. In the application to Earth surface temperatures, for instance, 
the behavior of the functional data near the poles, where the observation grid is finer, would receive greater weight than that near 
the equator, where the grid is coarser. Moreover, the observation grid may vary across statistical units, and, for some units, the 
functional data may be entirely missing over large portions of the support. To address these issues, we propose a discretization of 
the IFD𝑛 based on a Voronoi tessellation of the spatial support 𝑆. The next section briefly reviews Voronoi tessellations.

2.2. Voronoi tessellation

A Voronoi tessellation of the domain 𝑆 ⊂ R𝑑 , 𝑑 ≥ 1, is the geometric partition of 𝑆 into subregions, or cells, based on the 
distance from a set of points, {𝝃1,… , 𝝃𝐾} ⊂ 𝑆 called seeds, where 𝐾 denotes the number of seeds. Each cell 𝐸𝑘 is a subset of 𝑆 (or a 
discretization of 𝑆 in the case of manifold domains) that contains all points closer to its defining seed 𝝃𝑘 than to any other seed, that is 
𝐸𝑘 ∶= {𝒔 ∈ 𝑆|𝑑𝑆 (𝒔, 𝝃𝑘) < 𝑑𝑆 (𝒔, 𝝃ℎ), ∀ℎ ∈ {1,… , 𝐾}, ℎ ≠ 𝑘}, where 𝑑𝑆 denotes the natural metric of the domain, such as the Euclidean 
distance restricted to 𝑆 for planar or three-dimensional domains or the geodesic distance for surface domains. A Voronoi tessellation 
3 
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Fig. 2. Example of a Delaunay triangulation of the Lake Victoria domain and the corresponding dual Voronoi tessellation. The right panels show 
details of the two geometric structures.

Fig. 3. Example of Delaunay triangulation of the spherical surface and the corresponding dual Voronoi tessellation, with details of the two 
geometrical structures on the right.

of 𝑆 can be obtained as the dual of a constrained Delaunay triangulation of 𝑆 (see, e.g., De Berg, 2000). Delaunay triangulations 
are well-known geometric structures that can be computed efficiently (see, e.g., Hjelle and Dæhlen, 2006). Their vertices define the 
seeds of the corresponding Voronoi tessellation. Fig.  2 shows an example of a constrained Delaunay triangulation and the associated 
Voronoi tessellation of Lake Victoria, the support of the functional data presented in Section 7. The right panels show details of the 
tessellation. Fig.  3 shows a similar construction for the spherical surface, the support of the functional data presented in Section 6.

Let  (𝑆, 𝝃) denote the Delaunay triangulation of 𝑆 and let 𝑆  be the corresponding discretized domain, defined as the union 
of the simplices in  (𝑆, 𝝃). For planar domains with polygonal boundaries, 𝑆 = 𝑆; for curved domains, 𝑆  is a piecewise-linear 
approximation of 𝑆; see Fig.  3. The dual Voronoi tessellation is denoted by (𝑆 , 𝝃); it is generated by the same seeds {𝝃𝑘}𝐾𝑘=1 and 
partitions 𝑆  into cells {𝐸𝑘}𝐾𝑘=1. Let 𝜆 be the Lebesgue measure on 𝑆. We write 𝛱𝑆

∶ 𝑆 → 𝑆  for the projection onto the discretized 
domain, so that 𝒔 = 𝛱𝑆

(𝒔) for any 𝒔 ∈ 𝑆, and 𝛱𝑆
(𝝃𝑘) = 𝝃𝑘 for all 𝑘 ∈ {1,… , 𝐾}. We denote by 𝜆 (𝐸𝑘) > 0 the restricted Lebesgue 

measure of 𝐸𝑘, that is 𝜆 (𝐸𝑘) = 𝜆(𝛱−1
𝑆

(𝐸𝑘)), where 𝛱−1
𝑆

(𝐸𝑘) is the preimage of 𝐸𝑘 under 𝛱𝑆
. Then, up to a set of zero restricted 

measure, 𝑆 =
⋃

𝑘∈{1,…,𝐾} 𝐸𝑘. In the remainder, we write   for  (𝑆, 𝝃) and  for (𝑆 , 𝝃).

3. Voronoi Depth

We now introduce the proposed depth measure. Section 3.1 presents the Voronoi Depth, a discretization of the Integrated 
Functional Depth for discretely observed data. Section 3.2 then extends the proposed depth to partially observed functional data.

3.1. Voronoi Depth

Let 𝑋1,… , 𝑋𝑛 be the sample of functional data, discretely observed over possibly different observational grids, where the 𝑖th 
statistical unit 𝑋𝑖, namely the 𝑖th functional observation, is measured at locations {𝒔𝑖,𝑗}𝑗∈{1,…,𝑚𝑖} so that the sample is given by 
{𝑋𝑖(𝒔𝑖,𝑗 )}𝑗∈{1,…,𝑚𝑖};𝑖∈{1,…,𝑛}, where 𝑚𝑖 is the number of discrete measurements for 𝑋𝑖. Let also {𝑥(𝒔𝑗 )}𝑗∈{1,…,𝑚𝑥} be the discretely 
observed version of a general function 𝑥 ∶ 𝑆 → R, with 𝑚𝑥 discrete measurements. In this section, although observational grids 
may differ across statistical units, we assume that each statistical unit is, in principle, observable over any portion of the domain 𝑆. 
Specifically, we assume that for each statistical unit 𝑖 and each Voronoi cell 𝐸𝑘 of the Voronoi tessellation  of 𝑆 there is at least 
one 𝒔𝑖,𝑗 such that its projection on 𝑆  is in 𝐸𝑘, i.e. (𝒔𝑖,𝑗 ) ∈ 𝐸𝑘. The next section relaxes this assumption and considers partially 
observed functional data.

We are now ready to define the Voronoi Depth for irregularly measured functions. 
4 
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Definition 1 (Voronoi Depth).  Consider the discretely observed functional sample {𝑋𝑖(𝒔𝑖,𝑗 )}𝑗∈{1,…,𝑚𝑖}; 𝑖∈{1,…,𝑛} defined on the support 
𝑆, and the Voronoi tessellation  of 𝑆. The Voronoi Depth (VD) of a function 𝑥 ∈ (𝑆), measured at locations {𝒔𝑗}𝑗∈{1,…,𝑚𝑥}, is 
defined as 

VD(𝑥) ∶=
𝐾
∑

𝑘=1
𝐷(𝑥 (𝝃𝑘), 𝑃𝝃𝑘 ,𝑛, )𝑤(𝝃𝑘)𝜆 (𝐸𝑘), (3)

where, for every 𝒔 ∈ 𝑆, 

𝑥 (𝒔) =
𝐾
∑

𝑘=1

∑𝑚𝑥
𝑗=1 I𝐸𝑘

((𝒔𝑗 ) ) 𝑥(𝒔𝑗 )
∑𝑚𝑥

𝑗=1 I𝐸𝑘
((𝒔𝑗 ) )

I𝐸𝑘
(𝒔 ); 𝑃𝒔,𝑛, = 1

𝑛

𝑛
∑

𝑖=1
𝑋𝑖, (𝒔)𝛿𝑋𝑖, (𝒔), (4)

with 𝛿𝑋𝑖, (𝒔) the Dirac’s delta in 𝑋𝑖, (𝒔), where 𝑋𝑖,  is defined analogously to 𝑥  for the functions 𝑋𝑖, 𝑖 ∈ {1,… , 𝑛}.

The proposed Voronoi Depth is a discrete approximation of the Integrated Functional Depth based on a Voronoi tessellation of 
𝑆. Its computation does not require the observational grid to be common across statistical units, nor that it be evenly spaced. Each 
functional datum contributes to the depth through the average of its measurements within each Voronoi cell, yielding a piecewise-
constant representation of the functional data over the tessellation. The resulting discretization adapts to the geometry of the support 
and enables accurate numerical integration.

Finally, the computational cost of the proposed VD is generally lower than that of classical approaches. The cost of computing 
a Voronoi tessellation in the present setting is 𝑂(𝐾 log(𝐾)) once a Delaunay triangulation of the support is available (Hjelle and 
Dæhlen, 2006). Moreover, the tessellation only needs to be computed once for all functional observations sharing the support 𝑆. 
The dominant computational cost of the VD arises from ranking the univariate evaluations of the functional data at the Voronoi 
seeds 𝝃𝑘, resulting in a complexity of 𝑂(𝐾𝑛2). By contrast, existing alternatives for two-dimensional domains have computational 
complexity 𝑂(𝑚𝑛2), where 𝑚 denotes the size of the observational grid (see, Genton et al., 2014; López-Pintado and Wrobel, 2017).

3.2. Voronoi Depth for partially observed functional data

We now extend the proposed VD to deal with partially observable functional data. Such data, also known as incomplete functional 
data, functional fragments, or functional snippets (Lin et al., 2021), are frequently encountered in applications and have recently 
attracted considerable attention; see, e.g., the review by Elías et al. (2023). Specifically, we generalize the IFD in Eq.  (1) and the 
VD in Eq.  (3) to accommodate partially observable functional data, building on the work of Elías et al. (2023), who introduced a 
functional depth for one-dimensional domains in the partial observability framework of Delaigle and Hall (2013).

Consider a random observational mechanism 𝑄 that generates compact sets 𝑂 ⊂ 𝑆 with positive Lebesgue measure. Let 
𝑄(𝒔) = Pr(𝑂 ∋ 𝒔), and suppose that 𝑋 is observable only on the subset 𝑂 of 𝑆. In this manuscript, we adopt the regularity 
conditions A1–A3 on the observational process introduced by Elías et al. (2023). Without loss of generality, these conditions imply 
that 𝑄(𝒔) > 0, ∀𝒔 ∈ 𝑆. Moreover, condition A3 corresponds to the standard Missing-Completely-at-Random (MCAR) mechanism (see, 
e.g., Kraus, 2014; Kneip and Liebl, 2020), meaning that the observational process does not depend on the value of the function. 
This assumption is standard in the literature on partially observed functional data. Simulation evidence in Elías and Nagy (2025) 
suggests that moderate departures from MCAR have limited impact on the definition of depths for partially observed data.

The functional depth for partially observed functional data, introduced by Elías et al. (2023) and further studied by Elías and Nagy 
(2025), can be naturally extended to functional data observed over multidimensional supports. Consider the pair (𝑥, 𝑜) ∈ (𝑜)×(𝑆), 
where (𝑆) ∶= {𝑂 ⊂ 𝑆|𝑂 is compact}. The depth associated with the pair (𝑥, 𝑜) is obtained through a suitable weight function 𝑤
that depends on the observability process. Let 𝜙 ∶ [0, 1] → [0, 1] be a continuous function such that ∫𝑂 𝜙(𝑄(𝒔))d𝒔 > 0 almost surely, 
and define the restriction of the weighting function 𝑤 to the compact set 𝑂:

𝑤𝜙(𝒔|𝑂) =
𝜙(𝑄(𝒔))

∫𝑂 𝜙(𝑄(𝒛))d𝒛
, ∀𝒔 ∈ 𝑂.

The function 𝜙 determines how the observability process 𝑄 affects the weighting function. In this manuscript, we adopt the identity 
function on [0, 1] as the default choice for 𝜙, thereby assigning greater weight to regions with higher observability and reducing 
the influence of sparsely observed regions. Alternative choices are possible, allowing different weighting schemes depending on the 
application, as discussed in Elías and Nagy (2025). We can now define the Partially Observed Integrated Functional Depth 

POIFD((𝑥, 𝑜), 𝑃 ×𝑄) = ∫𝑜
𝐷(𝑥(𝒔), 𝑃𝒔)𝑤𝜙(𝒔|𝑜)d𝒔, (5)

that generalizes the IFD in Eq.  (1) to functions partially observed on multidimensional supports.
Now let 𝑂1,… , 𝑂𝑛 be 𝑛 i.i.d. realizations of 𝑂, with 𝑋𝑖 continuously observed on 𝑂𝑖, for 𝑖 ∈ {1,… , 𝑛}. The pairs (𝑋1, 𝑂1),… ,

(𝑋𝑛, 𝑂𝑛) are independent and identically distributed under the MCAR assumption. Let 𝐼(𝒔) = {𝑖 ∈ {1,… , 𝑛} ∶ 𝒔 ∈ 𝑂𝑖}. The empirical 
estimate 𝑄𝑛 of 𝑄 is defined as 𝑄𝑛(𝒔) =

1
𝑛 |𝐼(𝒔)|, ∀𝒔 ∈ 𝑆, where | ⋅ | denotes the cardinality of a set. Replacing 𝑄 and 𝑃  in the POIFD 

definition with their empirical estimates 𝑄𝑛 and 𝑃𝑛 yields the sample counterpart of Eq.  (2) for partially observable functional data:

POIFD𝑛(𝑥, 𝑜) = POIFD((𝑥, 𝑜), 𝑃𝑛 ×𝑄𝑛) = 𝐷(𝑥(𝒔), 𝑃𝒔,𝑛)𝑤𝜙,𝑛(𝒔|𝑜)d𝒔, (6)
∫𝑜

5 



M. Cavazzutti et al. Journal of Multivariate Analysis 217 (2027) 105727 
where

𝑤𝜙,𝑛(𝒔|𝑜) =
𝜙(𝑄𝑛(𝒔))

∫𝑜 𝜙(𝑄𝑛(𝒛))d𝒛
.

To simplify notation, we use POIFD𝑛(𝑥, 𝑜) instead of POIFD((𝑥, 𝑜), 𝑃𝑛 ×𝑄𝑛) in the remainder of the paper.
Consider now discretely observed functional data {𝑋𝑖}𝑖∈{1,…,𝑛}, as in Section 3.1, but without the simplifying assumption that the 

functions are observable over the whole domain 𝑆. We then need to discretize 𝑄𝑛 and approximate the integral in Eq.  (6), based on 
pointwise observations of 𝑋𝑖. Let I𝑂𝑖,

 denote the indicator function of 𝑂𝑖, , where 𝑂𝑖,  is the Voronoi representation of 𝑂 defined 
as 

𝑂𝑖, =
⋃

𝑘∈{1,…,𝐾}
∃𝑗∶(𝒔𝑖,𝑗 ) ∈𝐸𝑘

𝐸𝑘. (7)

We can now define the Partially Observed Voronoi Depth (POVD) as the discrete counterpart of the POIFD in (6) for discretely 
observed functional data. 

Definition 2 (Partially Observed Voronoi Depth).  Given the Voronoi discretization  of the support 𝑆 and the discretely observed 
functional sample ({𝑋1(𝒔1,𝑗 )}𝑗∈{1,…,𝑚1}, 𝑂1, ),… , ({𝑋𝑛(𝒔𝑛,𝑗 )}𝑗∈{1,…,𝑚𝑛}, 𝑂𝑛, ), the Voronoi Depth for Partially Observed Data is 

POVD(𝑥, 𝑜) =
∑

𝑘∈{1,…,𝐾}
𝐸𝑘⊂𝑜

𝐷(𝑥 (𝝃𝑘), 𝑃𝝃𝑘 ,𝑛, )𝑤𝜙,𝑛(𝝃𝑘|𝑜 ) 𝜆 (𝐸𝑘), (8)

where 𝑥 (𝝃𝑘) and 𝑋𝑖, (𝝃𝑘) are defined as in Definition  1, and 𝑃𝝃𝑘 ,𝑛,  is the empirical distribution of 𝑋𝑖, (𝝃𝑘) for all 𝑖 for which there 
exists at least one spatial measurement 𝒔𝑖,𝑗 such that (𝒔𝑖,𝑗 ) ∈ 𝐸𝑘.

Note that POVD is computed from a number of observed Voronoi cells that may vary across statistical units, potentially affecting 
its variability. The weighting function 𝑤𝜙 mitigates this effect by assigning greater weight to highly observed regions. A simulation 
study in Section S2 of the Supplementary Material illustrates this behavior.

4. Theoretical properties of Voronoi Depth

This section investigates the theoretical properties of the proposed Voronoi Depth. Since the VD in Definition  1 is a special case 
of the POVD in Definition  2 when 𝑂 = 𝑆, we focus on the latter, noting that all results directly apply to the VD.

Before studying the asymptotic properties of the proposed POVD, we establish the large-sample behavior of the empirical POIFD𝑛
defined in Eq.  (6). The corresponding results for one-dimensional domains were established by Elías and Nagy (2025), leveraging the 
results of Nagy et al. (2016b); the following propositions extend them to multidimensional supports under analogous assumptions.

Proposition 1 (Strong Consistency).  Under the strong consistency of the univariate depth 𝐷 (i.e., condition C1 in Section S1 of the 
Supplementary Material) the empirical POIFD is strongly consistent; that is, for any fixed (𝑥, 𝑜):

POIFD𝑛(𝑥, 𝑜)
𝑎.𝑠.

←←←←←←←←←←←←←←←←←←←←←→
𝑛→∞

POIFD(𝑥, 𝑜).

Proof.  The proof follows that of Theorem 5 in Elías and Nagy (2025). In particular, by the strong consistency of 𝐷, the continuity 
of 𝜙, and the MCAR assumption, we obtain

𝐷
(

𝑥(𝐬);𝑃𝑛,𝐬
)

𝜙(𝑄𝑛(𝒔))
𝑎.𝑠.

←←←←←←←←←←←←←←←←←←←←←→
𝑛→∞

𝐷
(

𝑥(𝐬);𝑃𝐬
)

𝜙(𝑄(𝒔)) for all 𝐬 ∈ 𝑜.

Since 𝜙 and 𝐷 are bounded and 𝜆 is the Lebesgue measure on the compact set 𝑆, the dominated convergence theorem applies, 
yielding, ∀ 𝑥, 𝑜,

∫𝑜
𝐷
(

𝑥(𝐬);𝑃𝑛,𝐬
)

𝜙(𝑄𝑛(𝒔))d𝒔
𝑎.𝑠.

←←←←←←←←←←←←←←←←←←←←←→
𝑛→∞ ∫𝑜

𝐷
(

𝑥(𝐬);𝑃𝐬
)

𝜙(𝑄(𝒔))d𝒔,

and

∫𝑜
𝜙(𝑄𝑛(𝒔))d𝒔

𝑎.𝑠.
←←←←←←←←←←←←←←←←←←←←←→
𝑛→∞ ∫𝑜

𝜙(𝑄(𝒔))d𝒔.

Finally, since ∫𝑜 𝜙(𝑄(𝒔)) > 0 almost surely, the result follows from the definition of POIFD𝑛 and the continuous mapping theorem. □

In order to extend the strong uniform consistency and weak continuity of the POIFD to functional data over multidimensional 
supports 𝑆, we require the following assumption A1 in place of condition C3 of Elías and Nagy (2025):

A1: 𝑂 is almost surely a finite union of compact sets and satisfies Pr(𝒔 ∈ 𝑂) = Pr(𝒔 ∈ interior of 𝑂).

Proposition 2 (Strong Uniform Consistency and Weak Continuity).  Assume that condition A1 holds.
6 
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(i) Under the uniform consistency of the depth 𝐷 (condition C2 of the Supplementary Material), for any 𝐺 > 0:

sup
𝑜⊂𝑆, 𝑥∈(𝑆)

𝜆(𝑜)≥𝐺

|POIFD𝑛(𝑥, 𝑜) − POIFD(𝑥, 𝑜)|
𝑎.𝑠.

←←←←←←←←←←←←←←←←←←←←←→
𝑛→∞

0.

(ii) Under the weak continuity of the depth 𝐷 (condition C3 of the Supplementary Material), for any sequence of probability measures 
{𝑃𝛾}𝛾∈{1,…,∞} converging weakly to 𝑃 , and for any constant 𝐺 > 0, we have:

sup
𝑜⊂𝑆, 𝑥∈(𝑆)

𝜆(𝑜)≥𝐺

|POIFD𝛾 (𝑥, 𝑜) − POIFD(𝑥, 𝑜)| ←←←←←←←←←←←←←←←←←←←←←→
𝛾→∞

0,

where POIFD𝛾 (𝑥, 𝑜) denotes the POIFD of 𝑥 observed over the set 𝑜, with respect to the product measure 𝑃𝛾 ×𝑄.

Proof.  The proof follows the derivation of Theorem 6 and 8 in Elías and Nagy (2025), with [0, 1] replaced by the support 𝑆 ⊂ R𝑑 . In 
particular, notice that Lemma 7 of the same manuscript holds independently of the dimensionality of 𝑆. Therefore, using Proposition 
1, the proof reduces to establishing that:

sup
𝒔∈𝑆

|𝜙(𝑄𝑛(𝒔)) − 𝜙(𝑄(𝒔))|
𝑎.𝑠.

←←←←←←←←←←←←←←←←←←←←←→
𝑛→∞

0.

Under condition A1, we can apply the Glivenko–Cantelli theorem for the capacity functional of the random set 𝑂 ⊂ 𝑆 (theorem 
5.6 in Molchanov and Molinari, 2018), and thus sup𝒔∈𝑆 |𝑄𝑛(𝒔) −𝑄(𝒔)|

𝑎.𝑠.
←←←←←←←←←←←←←←←←←←←←←→
𝑛→∞

0. Since 𝜙 is continuous on a compact domain, it is 
uniformly continuous, and the result follows. □

We now turn to the consistency of the proposed Voronoi Depth, that is, the depth for discretely observed functional data. In this 
setting, each function 𝑋𝑖 is observed at a finite number of locations 𝑚𝑖, introducing a second asymptotic regime in addition to the 
sample size 𝑛. Specifically, consistency requires considering both 𝑚𝑖 → ∞, corresponding to increasingly dense observations of each 
pair (𝑋𝑖, 𝑂𝑖) while keeping 𝑛 fixed, and 𝑛 → ∞, ensuring that the sample eventually captures the joint distribution of (𝑋,𝑂). Let 𝑚
denote the minimum of the 𝑚𝑖. We now establish the consistency of the POVD as both 𝑚 and 𝑛 tend to infinity.

For each Voronoi cell 𝐸𝑘, let 𝑚𝑘
𝑖  be the number of observations of 𝑋𝑖 in cell 𝐸𝑘, namely 𝑚𝑘

𝑖 =
∑𝑚𝑖

𝑗=1 I𝐸𝑘
((𝒔𝑖,𝑗 ) ). Let also 

𝜈𝑘 ∶= min{𝑟 > 0 ∶ 𝐸𝑘 ⊂ 𝐵𝑟(𝝃𝑘)}, where 𝐵𝑟(𝝃𝑘) denotes the Euclidean ball of radius 𝑟 centered at 𝝃𝑘 in R𝑑 ; when 𝑆 is a two-dimensional 
manifold, the ball is taken in R3. Moreover, let 𝜈 = max𝑘∈{1,…,𝐾}{𝜈𝑘}. In what follows, we assume that Voronoi tessellations depend 
on the minimum number of available observations 𝑚. As 𝑚 increases, a finer tessellation is considered to capture finer details in the 
data. More precisely, we assume the following conditions on the Voronoi tessellation:

V1 : 𝐾 ←←←←←←←←←←←←←←←←←←←←←←←→
𝑚→∞

∞.

V2 : 𝜈 ←←←←←←←←←←←←←←←←←←←←←←←→
𝑚→∞

0.

V3 : 𝑚𝑘
𝑖 ←←←←←←←←←←←←←←←←←←←←←←←→

𝑚→∞
∞ for all 𝑘 ∈ {1,… , 𝐾} and 𝑖 ∈ {1,… , 𝑛}.

V4 : for all compact subsets 𝑂 ⊂ 𝑆 and their Voronoi representation 𝑂 , 𝑑ℎ(𝑂,𝑂 ) ←←←←←←←←←←←←←←←←←←←←←←←←→𝐾→∞
0, where 𝑑ℎ(⋅, ⋅) is the Hausdorff distance.

Conditions V1 and V2 require the tessellation to become increasingly refined as the number of available observations grows. 
Condition V3 ensures that the number of observations within each Voronoi cell diverges in the limit. Therefore, the refinement 
of the tessellation cannot be too fast with respect to the increase of 𝑚. In particular, V3 implies that 𝑚∕𝐾 → ∞ as 𝑚 → ∞. Finally, 
V4 is a standard regularity condition ensuring the asymptotic consistency of the Voronoi tessellation and the underlying Delaunay 
triangulation (see, e.g., Quarteroni and Valli, 1999). In particular, it implies that 𝒔 ←←←←←←←←←←←←←←←←←←←←←←←←→

𝐾→∞
𝒔 for all 𝒔 ∈ 𝑆.

To establish the consistency of the proposed POVD, we first prove an intermediate result on the pointwise convergence of 𝑥  to 
𝑥. 

Lemma 1.  Assume that conditions V1–V4 hold. Then, for any continuous function 𝑥 ∶ 𝑜 → R defined on 𝑜 ⊂ 𝑆, 
𝑥 (𝒔) ←←←←←←←←←←←←←←←←←←←←←←←→𝑚→∞

𝑥(𝒔) a.s. ∀𝒔 ∈ 𝑜, (9)

where 𝑥  is defined in Definition  1.

Proof.  For any 𝒔 ∈ 𝑜, let 𝑘⋆ be such that 𝒔 ∈ 𝐸𝑘⋆ . Both 𝑘⋆ and 𝐸𝑘⋆  depend on 𝐾, but this dependence is omitted for notational 
simplicity. From the definition of 𝑥 , 

𝑥 (𝒔) =
1

𝑚𝑘⋆
𝑥

𝑚𝑥
∑

𝑗=1
𝑥(𝒔𝑗 )I𝐸⋆

𝑘
((𝒔𝑗 ) ). (10)

Since 𝑥 is continuous on 𝑜, it is integrable over 𝛱−1
 (𝐸𝑘⋆ ). By condition V3, as 𝑚 → ∞, 𝑥 (𝒔) converges to the Monte Carlo 

approximation of the integral (Owen, 2013), that is, 

lim
𝑚→∞

𝑥 (𝒔) = lim
𝑘⋆

1
𝑘⋆

𝑚𝑥
∑

𝑥(𝒔𝑗 )I𝐸⋆
𝑘
((𝒔𝑗 ) ) =

1
𝜆 (𝐸 ⋆ ) ∫ −1

𝑥(𝒔)d𝒔 𝑎.𝑠. (11)

𝑚𝑥 →∞ 𝑚𝑥 𝑗=1  𝑘 𝛱 (𝐸𝑘⋆ )

7 
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By the integral mean value theorem (see, e.g., Stewart, 2015), there exists 𝜼𝐾 ∈ 𝛱−1
 (𝐸𝑘⋆ ) such that the right-hand side of (11) 

equals 𝑥(𝜼𝐾 ). Moreover, by V1 and V2, we have lim𝑚→∞ ‖𝒔 − 𝜼𝐾‖ = lim𝐾→∞ ‖𝒔 − 𝜼𝐾‖ = 0, where ‖ ⋅ ‖ denotes the Euclidean norm 
in R𝑑 . Hence, by the continuity of 𝑥, assumptions V1 and V4, and (11), we obtain Eq.  (9). □

Using Lemma  1, we establish the consistency of the POVD in Definition  2 under the regularity conditions stated above. 

Theorem 1.  Under assumptions V1–V4, for any constant 𝐺 > 0, 
sup

𝑜⊂𝑆, 𝑥∈(𝑆)
𝜆(𝑜)≥𝐺

|POVD(𝑥, 𝑜) − POIFD(𝑥, 𝑜)| ←←←←←←←←←←←←←←←←←←←←←←→
𝑚→∞
𝑛→∞

0 𝑎.𝑠. (12)

Proof.  Let 𝑃𝒔,𝑛,  denote the empirical marginal distribution of 𝑋, defined by

𝑃𝒔,𝑛, =

∑𝑛
𝑖=1 I𝑂𝑖,

(𝒔 )𝑋𝑖, (𝒔)𝛿𝑋𝑖, (𝒔)
∑𝑛

𝑖=1 I𝑂𝑖,
(𝒔 )

.

We first establish the weak convergence of the marginals 𝑃𝒔,𝑛,  to 𝑃𝒔 for any 𝒔 ∈ 𝑆. Since almost sure convergence implies 
convergence in probability (see, e.g., Theorem 2.1 in Billingsley, 1999), Lemma  1 implies that the distribution of 𝑋𝑖, (𝒔) converges 
weakly to that of 𝑋𝑖(𝒔) as 𝑚 → ∞, for 𝑖 ∈ {1,… , 𝑛}. Letting 𝑛 → ∞, and recalling that 𝑄(𝒔) > 0 a.s. for every 𝒔 ∈ 𝑆, the random 
variables {𝑋𝑖(𝒔)}𝑖∈{1,…,𝑛} are i.i.d. with common distribution 𝑃𝒔. Therefore, by the Glivenko–Cantelli theorem, the empirical marginal 
distributions converge weakly to 𝑃𝒔. The remainder of the proof follows the arguments used in the proof of Theorem 9 of Elías and 
Nagy (2025). □

5. Simulation studies

In the functional depth literature, new depths are often assessed through their ability to distinguish between data generated by 
different stochastic processes (see, e.g., Fraiman and Muniz, 2001; López-Pintado and Romo, 2009, 2011; Claeskens et al., 2014; 
Ieva and Paganoni, 2020, among others). Accordingly, we investigate the ability of the proposed depths to discriminate between 
different populations. Additional simulation studies assessing the POVD’s robustness to partial observability and its sensitivity to 
Voronoi tessellation refinement are reported in the Supplementary Material.

Let 𝑆 be the unit sphere. Data are generated from the four models defined below.

M0 (baseline model): 𝑋M0(𝒔) ∶ 𝑆 → R is a Gaussian process with zero mean and Matérn covariance

𝐶𝜹(𝒉) =
21−0.45
𝛤 (0.45)

(
√

0.9
‖𝒉‖2
2

)0.45𝐾0.45(
√

0.9
‖𝒉‖2
2

), 𝒉 ∈ R3,

where 𝐾𝜈 denotes the Bessel function of the second kind with parameter 𝜈 = 0.45.
M1 (magnitude model): 𝑋M1(𝒔) ∶ 𝑆 → R is defined as

𝑋M1(𝒔) = 𝑋M0(𝒔) + 𝛾0.5I[𝑎,𝑎+40]×[𝑏,𝑏+40](𝜁 (𝒔)),

where 𝛾 ∼ 𝐵𝑒𝑟𝑛(0.5), 𝜁 ∶ 𝑆 → 𝑆𝑝𝑙𝑎𝑛𝑎𝑟 = [−180, 180] × [−90, 90] maps 𝒔 ∈ 𝑆 to its longitude–latitude coordinates, and (𝑎, 𝑏) is a 
random longitude–latitude pair uniformly distributed over 𝑆𝑝𝑙𝑎𝑛𝑎𝑟.

M2 (covariance model): 𝑋M2(𝒔) ∶ 𝑆 → R is defined as
𝑋M2(𝒔) = 𝑋M0(𝒔)I[−180,180]×[−50,50](𝜁 (𝒔)) + 𝛿(𝒔)I[−180,180]×([−90,−50]⋃[50,90])(𝜁 (𝒔)),

where 𝛿(𝒔) is a Gaussian process with zero mean and Matérn covariance

𝐶𝜹(𝒉) =
21−0.45
𝛤 (0.45)

(
√

0.9
‖𝒉‖2
4

)0.45𝐾0.45(
√

0.9
‖𝒉‖2
4

), 𝒉 ∈ R3.

M3 (shape model): 𝑋M3(𝒔) ∶ 𝑆 → R is defined as
𝑋M3(𝒔) = 𝑋M0(𝒔) + 𝑓 (𝜁 (𝒔)),

where 𝑓 (lon,lat) = 0.1 ∗ sin (4𝜋lat∕180) + 0.1 ∗ cos (4𝜋lat∕180), where lon and lat denote the longitude and latitude coordinates 
of 𝒔.

The functional samples are generated using the R package RandomFields (Schlather et al., 2015). Fig.  4 shows representative 
realizations from models M0–M3. Model M1 differs from M0 through a magnitude shift over a localized 40◦ latitude band centered 
at a random latitude; M2 differs from M0 through a change in covariance structure in the regions below latitude −50◦ and above 
latitude 50◦; M3 differs from M0 through a shape perturbation over the entire domain. Models M1–M3 are particularly challenging to 
distinguish from M0. In particular, M1 differs from M0 only through a small magnitude shift, whereas M2 and M3 exhibit covariance 
and shape differences that are known to be difficult for integrated functional depths to detect and are commonly referred to as 
hard-to-detect outliers (see, e.g., Arribas-Gil and Romo, 2014; Ieva and Paganoni, 2020).
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Fig. 4. Representative realizations from models M0–M3.

Fig. 5. Boxplots of Wilcoxon rank test p-values (Liu, 1990) when the first sample is generated under M0 and the second sample is generated 
under M0 (first panel), M1 (second panel), M2 (third panel), and M3 (fourth panel). Results for the proposed Voronoi Depth (VD), 𝐿𝑝 depth 
(LpD), and Modified Volume Depth (MVD) are shown in blue, yellow, and purple, respectively.  (For interpretation of the references to color in 
this figure legend, the reader is referred to the web version of this article.)

We consider the proposed VD with the univariate Simplicial depth (Liu, 1990) as 𝐷 and a Voronoi tessellation associated with a 
uniform Delaunay triangulation   of 𝑆 with 𝐾 = 3509 nodes. The implementation is based on the R/C++ library fdaPDE (Arnone 
et al., 2025), and is available at https://github.com/MicheleCavazzutti/fdaPDE-R-depth. We compare the proposed approach with 
two classical alternatives: the 𝐿𝑝 depth (LpD) of Zuo and Serfling (2000), implemented in the R package depthProc (Kosiorowski 
and Zawadzki, 2019), and the Modified Volume Depth (MVD) of Genton et al. (2014), implemented in the R package depthTests
(López-Pintado and Wrobel, 2017). Neither method is designed for functional data on multidimensional supports: LpD treats 
observations as multivariate data, whereas MVD treats them as functional data on a one-dimensional domain obtained by vectorizing 
the support along one coordinate direction.

We assess the ability of the proposed depths to discriminate between populations using the depth-based Wilcoxon rank test of 
Liu (1990), later adopted in the functional depth literature by, among others, López-Pintado and Romo (2009, 2011) and Ieva and 
Paganoni (2013).

We simulate two functional samples, {𝑋A
𝑖 }𝑖∈{1,…,𝑛A} ∼ 𝑔A and {𝑋B

𝑖 }𝑖∈{1,…,𝑛B} ∼ 𝑔B with 𝑛A = 100 and 𝑛B = 50. To enable the 
application of LpD and MVD, which require a common observation grid across all statistical units, each function is evaluated on 
a common set of locations {𝒔1,… , 𝒔𝑚} corresponding to a regular longitude-latitude lattice of 2◦ × 2◦ size. This setting mimics the 
observational pattern of the application described in Section 6.

We consider the hypothesis test 
H0 ∶ 𝑔A = 𝑔B 𝑣𝑠. H1 ∶ 𝑔A ≠ 𝑔B. (13)

We take as reference sample 𝑥1,… , 𝑥𝑛A ∼ 𝑔A=̃𝑋M0, that is, distributed according to M0, and consider four different choices for the 
distribution 𝑔B. In the first case, we perform the test with 𝑔B=̃𝑋M0, so that there is no difference between the two populations. We 
then consider the cases 𝑔B=̃𝑋M1, 𝑔B=̃𝑋M2, and 𝑔B=̃𝑋M3.

Fig.  5 presents boxplots of the p-values of the depth-based Wilcoxon rank test computed using VD, LpD, and MVD over 500 
simulation replications. The left panel corresponds to the setting in which both samples are generated under M0, so that the null 
hypothesis holds. In this case, all methods correctly yield high p-values, indicating the absence of spurious differences between 
the two populations. The remaining panels correspond to settings in which the second sample is generated under M1, M2, and 
M3, respectively. When the second sample is generated under M1 or M3 (second and fourth panels), LpD yields high p-values, 
incorrectly failing to reject the null hypothesis, whereas the functional methods VD and MVD correctly produce low p-values. When 
the second sample is generated under M2 (third panel), only the proposed VD successfully distinguishes the two distributions. This 
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Fig. 6. Left panel: Voronoi Depth values for annual mean temperature fields over the period 1850–2014, computed with respect to the 1850–1975 
reference period. Red-circled points correspond to years exceeding the boxplot fences. Right panel: for each cell of  , the percentage of annual 
temperature fields lying below the first quartile (Q1) or above the third quartile (Q3), before and after 1975. Blue: below Q1; red: above Q3. 
(For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

occurs because MVD is based on the direct aggregation of the univariate depth contributions at each location and does not account 
for the dependence structure among neighboring locations. As a result, it fails to capture the covariance differences between M0 
and M2, which are instead detected by VD. These results highlight the advantages of the proposed method, which is the only depth 
able to correctly distinguish the two populations in all the scenarios considered.

6. Analysis of Earth surface temperatures

The CESM2-LENS2 dataset (Rodgers et al., 2021) provides an open-access collection of climate model simulations for the study 
of internal variability and climate change. We analyze annual average surface temperatures (1850–2014) under CMIP6 historical 
radiative forcing, an environmental variable that has recently been extensively studied using stochastic generators (Jeong et al., 
2019; Song et al., 2024). Temperature fields are observed on a 0.9375◦ × 1.25◦ (latitude × longitude) grid that is irregularly spaced 
over the Earth’s surface, with denser sampling near the poles and sparser sampling near the equator; see Fig.  1. Existing depth 
methods, such as LpD and MVD (Section 5), would overweight high-latitude regions and underweight equatorial regions. In contrast, 
the proposed VD, combined with a regular Voronoi tessellation, assigns approximately uniform surface-area weights, yielding depth 
evaluations that are robust to irregular spatial sampling.

Consistent with documented global warming patterns, annual temperature fields in recent decades tend to exhibit higher 
temperatures and greater spatial heterogeneity. As a result, their depth is expected to decrease progressively, reflecting an increasing 
departure from historical variability. To formally assess this shift, we use the period 1850–1975 as a baseline, in line with studies 
identifying 1975 as a structural breakpoint in global temperature evolution (Tomé and Miranda, 2004; Werner et al., 2015). We 
then perform a depth-based Wilcoxon rank test (Liu, 1990) to compare temperature patterns before and after 1975, using the years 
1850–1975 as the reference population. The resulting 𝑝-value (<10−16) confirms a significant difference between the two periods.

To further characterize this change, the left panel of Fig.  6 displays the temporal evolution of the VD, computed with respect 
to the reference population, i.e., VD(𝑥, 𝑃1850−1975), where 𝑃1850−1975 denotes the distribution of annual temperature fields during 
the reference period. The depth begins to decline in the mid-1960s and continues decreasing over subsequent decades, indicating 
that temperature fields become increasingly extreme over time. We also compute a functional boxplot for the reference period, 
defining the central 50% envelope, the first and third quartiles (Q1 and Q3), and the boxplot fences (Genton et al., 2014). Within 
the reference period, only the year 1963 crosses the boxplot fences and is therefore classified as an outlier; this corresponds to an 
anomalously cold year. When post-1975 fields are compared with this reference envelope, the years 2004, 2013, and 2014 cross 
the upper fence, indicating warmer patterns relative to the historical baseline. Finally, to examine the spatial expression of these 
deviations, we compute, for each 𝝃𝑘 ∈  , the proportion of years falling below Q1 or above Q3 (namely, belonging to the hypograph 
of Q1 or the epigraph of Q3) before and after 1975; see the right panel of Fig.  6. After 1975, exceedances occur almost exclusively 
above Q3 and reveal a strongly heterogeneous geographical warming pattern.
10 
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Fig. 7. Representative monthly Lake Victoria LSWT fields (K◦).

7. Analysis of lake water surface temperatures

As a second illustration of the proposed methodology, we consider Lake Surface Water Temperature (LSWT) over Lake Victoria 
in East Africa. LSWT is recognized as an essential climate variable and provides key information on hydrological and biogeochemical 
processes. The ARC-Lake database (MacCallum and Merchant, 2011) provides satellite-derived LSWT measurements on a 0.05◦×0.05◦
grid from June 1995 to March 2012, yielding 202 monthly observations. Due to sensor limitations and cloud cover, the data exhibit 
substantial missingness (45.2%) with complex spatio-temporal patterns; see Fig.  7.

For this dataset, no clear long-term temporal trend is evident. Our objective is instead to characterize variability and identify 
anomalous temperature patterns. To this end, we construct a functional boxplot based on the proposed POVD. Unlike the surface 
boxplot of Genton et al. (2014), which requires fully observed functional surfaces, POVD enables the definition of central envelopes 
and outlier regions even under partial observability.

Fig.  8 displays the median and the central 50% envelope. The median corresponds to June 2011 (also shown in the bottom-right 
panel of Fig.  7), while the first and third quartiles define, cell by cell, the pointwise bounds of the central region. This representation 
highlights the main spatial structure of LSWT: a persistent warm gradient from the south-west to the north-east, together with more 
pronounced extremes in the enclosed eastern bays, where water circulation is restricted. These patterns reflect both the influence 
of the lake’s geomorphology and the ability of POVD to handle irregular spatial supports.

We then compare each monthly field with the central envelope. The months displayed in the top row of Fig.  7 exceed the 
boxplot fences and are therefore identified as outliers. The functional boxplot of Sun and Genton (2011) is primarily designed to 
detect magnitude outliers and may be less sensitive to shape and covariance outliers. Focusing on magnitude outliers, March–May 
1998 form a consecutive outlying episode, coinciding with a strong El Niño event that raised the lake level by approximately one 
meter and altered its thermal structure. This example illustrates how the proposed depth can reveal and help interpret anomalous 
functional behavior over complex two-dimensional domains, even in the presence of missing observations.

8. Conclusion and future developments

In this manuscript, we extended the integrated functional depth to data defined on multidimensional supports with complex 
geometries. The proposed approach accommodates discretely observed, irregularly sampled, and partially observed functional data 
without requiring common grids or missing-data reconstruction. The resulting depth is consistent, detects magnitude, covariance, 
and shape outliers, and remains robust under increasing levels of missingness.

Future research could extend the proposed depth to vector-valued functions defined on multidimensional supports, as in 
Claeskens et al. (2014), Ieva and Paganoni (2020) and Dai and Genton (2019) for one-dimensional domains. Another promising 
direction is the extension of Directional Outlyingness (Dai and Genton, 2019), which is closely related to integrated depth, to 
multidimensional supports in order to enhance the detection of shape outliers.
11 
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Fig. 8. Surface boxplot of the LSWT temperatures over Lake Victoria, constructed based on the proposed POVD. We report the median and the 
first and third quartiles.
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